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Lon de l'étude des mélanges solvants-polymère soumis ou non à un écoulement 
externe, les observations expérimentales convergent, à quelques exceptions, vers 
l'importance du couplage qui survient entre la diffiision, l'écoulement et la déformation 
de la microstnicture du polymère et qui infiue sur leurs comportements respectifs. La 
séparation de phase, la formation de nouvelles morphologies, la migration à travers les 
lignes de murant, etc. sont les quelques comportements induits par écoulement et qui 
sont observés daas les solutions semidiluées de polymères dans lesquelles ce couplage 
se manifeste explicitement. L'effet de ce d d e r  n'est toutefois pas limité qu'aux 
systhmes en écoulement imposé, mais il a été observé, à maintes reprises, durant les 
processus de transfert de masse dans les systèmes en équilibre mécanique. En effet, les 
mesures obtenues à partir des expériences classiques de la diasion (sorption, 
désorption, perméation, pervaporation etc.) d'un ou de plusieurs solvants dans un 
polymère restent généralement indescriptibles par les lois linéaires et simples de Fick. 
L'une des causes p~cipales de ces comportements réside dans le caractère non-linéaire 
et individuel de la microsmichire qui détermine les propriétés les plus essentielles des 
polymères. 
Dans le travail de cette thèse, nous nous sommes proposés de contribuer à la 
compréhension des phénomènes mentionnés ci dessus et d'élucider l'influence du 
couplage précité sur leurs comportements. Dans cette perspective, nous avons développé, 
a l'aide du formalisme GENERIC (General Equation for Non-Equiiibrium RevecSible 
and lrreversible Coupiing), de aouve1les formulations mathématiques capables de décrire 
les observations expérimentales mh encore rh ta i res  aux théories existantes. Les 
systèmes auxquels nous now sommes intérads sont les mélanges miscibles de type : i) 
V i r e s  constitués d'un fluide simple (solvant) et d'un fluide complexe (polymère) et ü) 
ternains composés de deux fluides simples (solvants) et d'un fluide complexe 
(polymère). Les équations GENERIC gouwnant i'évolution temporelle de ces systèmes 
sont paramétrées par l'énergie libre et par les temps de relaxation qui expriment le 
caractère d'individualité du mélange considéré. 
Durant la dernière décennie, il s'est avéré que pou décrire cornectement le 
comportement dynamique d'un mélange binaire, il est préférable de le considérer comme 
formé de deux fluides, dont chacun est caractérisé par ses propres variables d'étai., qui 
sont, dans le cadre de L'hydrodynamique classique, sa densité de masse pi, et son vecteur 
densité de la quantité de mouvement ui (l'indice i désigne le fluide i=1,2). La 
contribution de la structure interne du polymère est souvent décrite soit par la fonction de 
distniution de i'espace de contiguration y~ ou par le tenseur de conformation du second 
ordre m. Les variables d'état correspondant au mélange sont dors obteuues par le biais 
d'une transformation biunivoque adéquatement choisie. Dans le cas des mélanges 
binaires (articles 1,2 et 3), les variables d'état se résument à la densité de la masse totale 
p, au vecteur densité de la quantité de mouvement globale u, à la W o n  massique CI et 
au vecteur densité de la quantité de mouvement dative WL d'une composante, et au 
tenseur syméüique du second ordre m décrivant la micromcture. Pour les systèmes 
ternaires (étudiés dans les articles 4 et S), nous avons introduit le concept du modèle 
trois fluides qui étend l'idée du modèle à deux fluides utilisé pour les systèmes binaires. 
Dans ce cas-ci, les variables d'état incluent, en plus de celles choisies pour le mélange à 
deux composants, la fiadion massique Q et le vecteur densité de la quantité de 
mouvement relative w2 du deuxième composant. 
Les équations d'evohtion des mélanges miscibles binaires (Article 1) et ternaires 
(Article 4) soumis à un écoulement exteme, montrent explicitement que, la diffision 
dépend anisotmpiquement de l'écoulemeat et de la défbcmation de la structure inteme. 
Réciproquement, la structure interne est influencée, d'une manière collcomitante, par les 
deux types d'écoulement : extetne et interne. Le demflller est produit, bien sûr, par la 
diEusion. Outre cette mutuelle dépendance, des contraintes élastiques sont créées au sein 
du mélange par les mouvements da& (flux de -ion) et par conséquent modifient 
le comportement dynamique de L'écoulement. De pius, par la nature même des systèmes 
ternaires, de nouveawr couplages apparaissent entre les flux de masse des deux 
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composants dus aux effets d'enrraînement. Dans le procesus de la résolution 
asymptotique des écptions d'évolution, nous avons caicuié les coefficieats de transport 
en fonction des temps de relaxation et en terme des coefficients de friction. Dans le 
régime non linéaire, ces cdcients  dépendent explicitement du gradient de la vitesse 
d'écoulement r, = ôv,/&, rendant le processus de la diausion fortement anisotrope 
même en l'absence des contraintes internes produites par la déformation de la structure 
intefne. 
En L'absence d'un écoulement externe, le couplage diffiisiondéfomation 
engendre daas les systèmes binaires et temaires de nouveaux comportements 
communément appelés non-Fickiens ou viscoélastiques. Leur description requiert, dans 
le cadre des modèles développés pour les systèmes en écoulement, l'application des 
contraintes de l'équilibre mécanique et de l'incompressibilité totale. Par conséquent, la 
densité de la masse totale p (incompressibilité globale) et le vecteur densité de la 
quantité de mouvement global u (absence d'écoulement) deviennent des variables 
thermodynamiques dépendantes et doivent êrre exciuses de l'ensemble des variables 
d'état, 
La difision non-Fickienne d'un solvant dans un polymère en l'absence d'un 
écoulement externe (articles 2 et 3) est décrite par le modèle, appelé (c,w,m)-modei, dans 
lequel l'inertie du flux de masse Ment s'ajouter a celle de la conformation pour tenir 
compte de tous les effets inertiels. L'étude de certaines observations bien connues du 
processw de la diffiision nous a conduit à déduire de nouvelles formulations simplifiées 
qui sont obtenues par réduction de ce modhle. Parmi ces modèles réduits, le (c,w).modeî, 
dans lequel l'influence de la microstructure est exprimée indirectement par le biais des 
relations constitutives, décrit, malgré sa simplicité, plusieurs comportements non- 
Fickiens et en partidia la d i i o n  Cas II, appelée aussi onde de choc d ' A h y  due à 
sa ressemblance avec la propagation d'ondes typiquement non linéaires. Pour expliwer 
ce comportement, mus avons introduit ua nouveau concept qui suggère que le procesus 
de la difiùsion peut être perçue comme une propagation d'ondes qw nous avons 
.-. 
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baptisées ondes osmotiques. La similitude entre les équations d%volution du (c,w)-mode1 
avec celles des fluides compressibles nous a permis de mieux comprendre et de 
réinterpréter les différents comportements de la diffusion. La méthode des 
atractéristiques nous a, en plus, renseignés sur la possibilité de la formation des 
discontinuités et de la propagation des ondes non-linéaires. L'utilisation d'un nombre 
adimensionnel, &, qu'on a appelé nombre de Mach de difftsion, permet de classifier 
les différentes régions de la diffision. La diffision Fickie~e, obtenue pour des valeurs 
de &plus petites que l'unité, devient la diffision subosmotique. Le comportement Cas 
II, obtenu pour des valeurs de k plus grandes que l'unité, correspond à la difision 
superosmotique. Dans cet esprit, nous avons aussi étudié la propagation des ondes 
linéaires pour lesquelles la vitesse de phase ainsi que l'atténuation de l'intensité ont éré 
calculées. Afin de confronter les prédictions du (c,w,m)-mode1 aux observations 
expérimentales, nous avons fàit recours aux méthodes numériques ce qui a micessité la 
détermination de l'expression de l'énergie libre. L'expression de Flory est choisie pour la 
partie exprimant le mixage, et celles de Maxwell et de FENEP sont utilisées pour ia 
partie élastique. Cette demière a été mdüïée d'une manière appropriée pur tenir 
compte d'un gonflement éventuel du polymère. Comme le gonflement produit aussi un 
déplacement des frontières, les équations d'évolution ont été reformulées dans les 
coordonnées Lqpmgiemes (description matérielle) en introduisant ta maûice de 
distorsion. L'étude adimensiomeiie du modèle (c,w,m)-model, met en évidence 
l'existence de trois paramétres De, de et K qui représentent l'individualité du mélange 
étudié. Le premier, De, appelé nombre w-l)eborah, est exprimé en knction du nombre 
dffision de Mach, Le second, de, appelé nombre m-Deborah, mesure l'impomce 
des effets viscoélastiques. Le dernier paramètre, K, est une constante qui couple la 
diision a la structure interne. Un choix approprié de ces trois paramétres qui sont 
caiculés en fonction des propriétés intrlliséques du mélange étudié, permet de décrire un 
vaste domaine d'observations expérimentaies. Les prédictions de ces modèles sont 
comparées aux résuitats expérimentaux pris de la littérature, et a bon bond a été 
trouvé. Parmi les téSultais obtenus, nous anivons à expliquer le comportement Cas U 
sans supposer la transition ~~treuse-ca~~t~ho~e€!U~e.  
La demi* partie de ce travail (Article 5), étend la description du proceszrus dé la 
diffision d'un seul composant a d e  de deux composants dans un polymère. L'intérêt 
d'une teUe investigation apparaît clairement dans plusieurs domaines d'applications 
industrielles t d e  que La séparation de phase effectuée par pervaporation, protection 
c o r n  les mélanges de gaz toxiques etc. Les variables d'état daas ce cas, sont les 
fiactions massiques ci et q des deux fluides simples, leurs flux de masse WI et w2 et le 
t e m x  d'ordre deux m décrivant h structure interne. Le pnicessus de la diffusion est 
considéré comme un pracessw avec une triple inertie : l'inertie provenant des deux ffux 
de masse et celle liQ à la structure interne m. Dans cette partie, nous avons limite 
I ' d y s e  i deux cas particuliers i) la diffiision sans inertie qui conduit au modèle de Fick 
généralisé et ii) la diffiision avec une doubte inertie qui résuite de la epnse retatdée des 
deux flux de masse WI and w2. Dans le dernier cas, nous avons étudié la possibilité & la 
propagation des ondes linéaires, et calculé leur vitesse de phase et leur attemiation. Cette 
étude prédit, dans le domaine des hautes ûéquencg la propqption & d e w  types 
d'onde ayant des vitesses constantes. Des solutions numériques détaillées sont fournies 
a comparées avec deux types d'observations expérimentaies : i) des mesures obtenues 
par la pervaporation d'un mélange toluène-ùenzèae par une membrane de 
poIytérépbtalate â'étôyl et ii) des mesures de sorption daas un polymk vitreux d'un 
mélange de deux soivants, l'un exhibant le comportement Fickien et i'autre le 
comportement Cas II. 
Couplig between diision and the deformation of the internal structure, o h e d  
in solvent-polymer mUrtures subjected or not to an applied flow, bas been identitied as 
one of the determinant fiictors that influences the behavior of diffision, flow and the 
palymer internai structure. Flow induced phase separation, formation of morphologies, 
migration across strearnlines, etc. are some of the Bow-induced behaviors observed in 
polymer solutions uadergoing flow. Morwver, in the absence of flow, measurements 
collected fiom the classical experiments of mass transfér (sorption, permeation, 
pervaporation etc.) show behaviors, called non-Fickean or viscoelastic, that canaot be 
recovered in terms of the classical and Linear Fick's laws. One of the principal reasons 
for tbese obsemtions Lies in the tàct that the most essential properties of polymers are 
based on the nonlinear and the individual chamter of the microstructure. 
The a h  of this work is to understand these effects in both i) binary mixtures 
consisting of one simple and one complex fluid and ii) ternary mùawes composed of two 
simple and one complex fluids. We have derived systematically, in the bewoork of 
GENERIC (General equation for equilibriwn and non-Equilibrium Reversible and 
Irreversible Couplings), new models capable of describing several observai phenornena 
that have still remained unexplained by the previously derived models. The goveming 
equations describiig the tirne evolution of the system under consideration are 
parameterized by the î k  energy and the relaxation times of the nonanserveci state 
variables. These parameters express al1 the individuai fatures of the studied mixture. 
During the Iast decade, it bas become obvious that for an appropriate description of 
the dynamid behavior of biaary mixtures, the latter bas to be regarded as consisting of 
two fluids each of which is desc r i i  by its own state thas are, in the context of 
clessical hydrodynamics, the mass density pi and the vector linear momentum density Ui 
(i designates the fluid 0. The state charactaizllig the internai structure, that must 
be included into tbe fomuiation, is chosen to be the configuration space distribution \~r or 
its second moment, the conformation second order tensor, m. The set of the state 
variables for the whole mixture are then obtained via an adequate one--ne 
transformation, in case of binary mixtures (see articles 1, 2 et 3), the state variables are 
the scalar giobal mass density p, the vector linear overall momentmi density u, the 
A a r  m a s  W o n  c and the veetor relative momentum density w of one component, 
and the syinmetric second onter tcnsor, m, cbaracteri2;ui . . g the microstructure. For tenrary 
mixtures (see articles 4 anci 5), we have extended the concept of thc two-fluid model to 
what we have called the three-fluid model. The set of the state variables include, in 
addition to those specified for binary mixtures, the scalar mass Eactiun s and the vectw 
relative momentum density w2 ofthe second coqment. 
The equations goveming the time evolution for binary (see article 1) and ternary 
(see article 4) miscible mixtures subjected to an applied flow, show explicitly that the 
diffision depenâs anisotmpically on the fîow and on the deformation of the 
rnicrostnichrre. R e c i p d y ,  the i n t d  structure is Uifluenced by both the extenial and 
the internai flows. The latter is produced, of course, by difiùsion. In addition to this 
mutuai dependence, elastic stresses are cmted by relative motions (mas fluxes) within 
the mixture and consequently mode the dynamicaî behavior of the flow. In ternary 
mixture, d e r  new cauplings arise among the mass fluxes. In the process of solving 
asymptotidy the governing equetions, we have f m d  out that the transport coefficients 
are tiinctions of the relaxation times and are then expressible in terrns of the fiction 
cdlicients. Furthetmore, in the non Iinear regime, tbese d c i e n t s  depend explicitly 
on the g d e m  of the applied velocity r, which d e r  tbe poferi of 
&sion hifly anisotropic even in the rrbseace of the i n t d  stresses producecl by the 
U r i d  dehation. 
In the absence of an applied flow, coupling between diision and def8rmation 
engenders new bebavim commonly k n m  as non-Fickean and viscoeiastic. Their 
Qescn'pth requires, in the context of the modei derived for flowing mixtures, the 
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application of the mechaaical equilibrium ad the global inwmpressibility wnstraints. 
Consequently, the global mass density p and the vector overall momentum density II 
become dependent state variables and are thus discarded form the set of the state 
variables. 
The non-Fickean diaision of one solvent in a polymer, in the absence of an 
e x t d  flow, is described by the model, caiied (c,w,m)-mode4 in which the inertia of 
the mass flux and of the coRtOmwion are both taken into account. In the process of 
solving asymptotically the goveming equationq we have shown that al1 the modeis 
developed previously in the literaîure are found as particular cases of the (c,w,m)-model. 
in this reduction to simpler models, we have arrived at a new model cailed (c,w)-mode1 
in which only the two state variables c and w are sufficient for recovering many 
nonstandard behaviors, in particular the Case II mass transport, also called the Alfiey' 
shock wave due to its wave-propagation type. Kt is regarded as one of the most 
interesthg and striking observation of the non-Fickian diffusion. To explain such a 
behavior, we have introduced a new concept, that iq ditbsion can be regarded as a 
propagation of osmotic waves . The apparent similarity between the goveming equations 
of the (c,w)-mode1 and those derived in the context of compressible fiuid mecbanics 
allows us to better understand and to reinterpret the different behaviors. The 
characteristic method provides an idormation about possible formation of 
diswntinuities and propagation of non hem waves. To classi@ the different regions of 
the mass transport, a dimensiodess number, Uartf, called a dübsion Mach number is 
introduced. Fickian diision becomes subosmotic and is r e c o v d  if & is lower than 
unit. Case II is a superosmotic behavior end corresponds to b g r e a t e r  tâan unit. On the 
same footing, we have investigaîed the propagation of linear waves for which anaiyticai 
formulas are pmvided for both the phase velocity and the attenuation. In order to 
compare the predictions of the (c,w)-mode1 and of the (c,w,m)-mode1 with results of 
experimentai observations, we reso~ to numerical sohitions. For the mimerical anaiysiq 
we have to specify the ûee energy- We make two chices : the Maxwell ûee energy and 
the FENEP h e  energy- Fhth are appr~~a îe ly  modified to take into account the 
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swelling of the polymer. During swelling, the boundaries of the polymer move and the 
boundaty conditions need to be adequately re-specified during the penetration. To 
overcome this ditliculty, we refiirmulate the governing equations in the Lagrangean 
(matecial) coordinates by using the d e b d o n  ma& The dimensionless governing 
equations of the (c,w,m)-mode1 involve t h e  panmeters De, de and K. The fht, De, 
called w-Deborah number is expressed in tenas of the diRusion Mach number Mm. The 
second, de, called m-ûeborah number is a kind of viscoelastic Deborah number. We 
recall that the Deborah number compares the relaxation characteristic time scale of the 
material to the diffision characteristic time d e .  The thkd parameter, K, is an indicator 
of the coupling arising between diffision and the interna1 structure. With an appropriate 
choice of these parameters, we reproduce w l t s  of several observations selected fiom 
the literature. The prediction of these mdels are compared with the measurements of a 
sorption experiment and a rather good agreement was found. More importantly, we were 
able to recover the Case II behavior without assuming the giass-rubber transition. 
Finally, in the last part of this work (see article 9, we generalize the model 
developed for the penetration process of oue component to two components into a 
polyrner. The models derived here are suitable for describing processes of industriai 
importance, i.e. separation by pervaporation, sorption or permeation through glassy 
polymem, protection against toxic gas mixtures, h g  delivery systems. The state 
variables are two scalars representing the mass fiactions ci and c? of the two simple 
fluidq two vectors representing their relative momenturn densities WI and w2, and a 
second order tensor, mm, characterizing tbe internai structure of the polymer. Difision 
becomes a process with triple inertia : inertia of the two mass fluxes WI and wt and the 
inertia of the internai structure dehrmation m. In this part, we concentrate, the analysiq 
on m i o n  i') without inertia that leads to a generaIized Fickean model and ii) with a 
double inertia stemming form wl and w2. Analytical development tOt the propagation of 
linear waves is provided for the b e r  case and formulas ibr the phase velocity and the 
attenuation are caluûateâ In the high hquency bit, the model predicts the 
propagation oftwo types of waves with a coastant velocity. Detailed numerical solutions 
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are found and compareci with results of two types of experimental observations: (i) 
measurements of the pervriporation process of toiuene-benzene mixture by a 
poly(ethy1ene terephthalate) ~bbery membrane, and (ui measurements of sorption 
profiles in a mixture of two solventq one exbiiting the Fickian diffusion and the other 
the Case II düfbsion, pemûathg a g h y  polymer. 
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Introduction 
Depuis que la communauté scientifique s'est penchée sur l'étude des polymères, 
d'indispensables applications industrielles ont été mises à jour exploitant les 
comportements intéressants de ces systèmes. D'ailleurs, l'intéret pour ces matériaux 
insolites ne cesse, aujourd'hui, de croître comme le prouvent les diverses et nombreuses 
études consacrées à l'investigation de leurs propriétés physico-chimiques et de leurs 
comportements. Dictés essentiellement par le caractère d'individualité et de la non- 
linéarité de la microstructure, ces comportements deviennent généralement inexplicables 
quand on essai & leur appliquer les thbries développées jadis pour les matériaux 
standards. Bien évidemment, la diffbsion de la matière est un processus qui ne s'exclut 
pas de cette règle. En effet, il est devenu actuellement irréfiitable que les lois de Fick sont 
incapables de reproduire correctement les mesures obtenues à l'aide des expériences 
classiques de ditfiision (sorption, pennéation, désorption, pervaporation, etc.) d'un ou de 
plusieurs solvants dans un polymère. Parmi les raisons mises en cause dans de telles 
déviations, on identifie principalement les couplages entre la diffiion et la déformation 
de la structure interne, qui se révèlent être très importants pour influer sur leurs 
comportements respectifs. L'effet de ces couplages ne se limite pas m-quement aux 
mélanges en équilibre mécanique, mais il a été aussi détecté dans les mélanges soumis à 
un écoulement externe. Actuellement, on peut distinguer deux domaines où des 
&senrations expérimentales impliquent ces couplages. 
i) La rhéolo@e des systèmes homogènes a montré, & maintes reprises, qu'un cisaillement 
simple induit dans les solutions semidiluées de polymères des changements de la 
sbucnire tdes que la séparation de phase, la formation de nouvelles morphologies, la 
précipitation, etc. 
ii) La dîfhion de solvants dans les polymères vitreux exhibe générslement un 
comportement non standard, qualifié de non-Fickien, tels que le transport Cas II (Case 
I), la -on sigmoïde, la cüflùsion p d o  fickime, la sorption en deux étapes etc. 
Ces observations restèrent incompréhensibles a inexpliquées jusqu'à ce que, 
l'effet de ces couplages ait été tenu en considération. Dans le premier cas, la déformation 
de la mchire interne est produite simultarsément par d e w  types d'écoulement : l'un est 
imposé par l'extérieur (application diine force ou d'un couple), a i'autre, de type de 
dision,  est généré intérieurement par suite des inhomogénéités spatiales. Dans le 
second cas, la deformation est produite uniquement par l'écoulement interne dû au 
gradient de la force active (Wsion chimique). 
On relie essentiellement ces comportements à la réponse retardée du milieu, qui 
modifie le déplacement des particules du solvant en les déviant de leurs mouvements 
aléatoires brownien (ou Fickien). En effet, contnkment aux milieux Fickiens, Ie temps 
de relaxation de la microstructure dans les milieux non-Fickiens devient comparable ou 
plus grand que le temps caractéristique de h diffiision. Dans cette échelle de temps, la 
diffision, devient tributaire du comportement rhéologique du polymère et de l'inertie des 
flux de masse. Réciproquement, I'évohitioa de la structure interne et celle de l'écoulement 
sont modifiées par la prisence de mouvements relatifs additionnels d e s  par les flw de 
diaision des diffCrestes composantes. L'ampiitude de ces flux peut devenir, dans certains 
cas, significative pour engendrer des inhomo~énéités patiales et des contraiiaes internes 
qui influent sur la n a ~ e  rblogique du polymère. 
11 est indéniable qu'il devienne &essaire de comprendre l'importance de ces 
couplages et Iarts inûwms sur les proassus de la diaision a de 1'-lement à la fois 
sur le plan fiindamentai et du point de vue prapatique, tout partipartiCuliéreinent pour les 
nouvetles applications  des qui en découlent. On peut citer de manière non- 
exhaustive, la m o n  de p h  ptodwte par éaxilemeut ou par pervaporotioa, Is 
IiMation contrôlée et ciblée des médicanteats, le séchage, la ptecîioq etc. 
Le travail de la thèse porte sur l'étude des comportements non standards de la diniision 
diin et de deux solvants dans les polymères en préseme ou non d'un écwlement extem. 
On met particulièrement en évidence l'importance des couplages qui surviennent entre 
Picoulement (externe et ou interne) et la déformation de la structure interne. 
Le plan de la thèse sera organisé comme suit : 
Le deuxième chapitre est consacré à une revue bibliographique. Etant donné que les 
articles sont relativement détaillés, ce chapitre sera relativement concis et bref afin 
d'éviter la redondance. 
Le troisième chapitre porte sur l'objectif du travail entrepris et le lien entre les 
articles. 
Le quatrième chapitre discute l'importance du couplage entre la rhéologie et la 
difltiision dans les mélanges binaires. Pour une description systématique, nous avons 
tout d'abord étudié les mélanges composés de deux fluides simples et ensuite les 
mélanges composés d'un fluide simple (e. g. solvant) et d'un fluide complexe (e. g. 
polymère). 
Le cinquième et le sixième chapitres modélisent les comportement de la diffiision 
non-Fickieme en l'absence d'un écoulement externe en tenant compte de la répue  
retardée du flux de masse et de la déformation de la structure interne du polymére. 
Le qtième chapitre est une généralisation directe du quatriéme chapitre. Nous avons 
introduit le modèle à trois fluides (three-fluid modeL) qui génkalise Pidée du modéle 
4 deux fluides (two-tluid model). Le système temaire étudié est composé de deux 
fluides simples (e. g. solvants) et d'un fluide complexe (c. g. polymère). 
Le huitiéme chapitre étend le travail du cinquiérne chapii pour discuter les 
procesus de la ditfUsion de deux fluides simples dans un pdymke. Cette Chide est 
particulièrement utile pour comprendre, entre autres, le ptoassus de ta séparation 
entre les composas d'un mélange par pervapontion, la protection contre un 
mélange de etc. 
La conclusion et les recommandations constituent le dernier chapitre pour clore ce 
travail. 
Chapitre 2. Revue bibliographique 
2.1. Introduction 
Depuis que des expériences effec~ées ur des systèmes binaires composés d'ui 
fluide simple et d'un polymère soumis ou non w écoulement externe, ont montré que la 
diffusion et la déformation de ta structure inteme sont hitement liées, il est devenu 
inéluctable qu'il faille tenir compte de leur dépendance mutuelle dans la modélisation. 
Plusieurs auteurs ont essayé d'introduire les effets de ces couplage de manière ad 
hoc pour expliquer les observations qui sont restées réfractaires aux prédictions des 
théories classiques basées sur I'idée d'un fluide unique. Ces tentatives restèrent, toutefois 
incomplètes et insatisfaisantes jusqu'à l'apparition des modèles basés sur ridée de deux 
fluides (two-fluid model) qui a constitué le point tournant dans la compréhension de 
Piduence de ces couplages sur les comportements de 1'6coulement, de la diffiision et de 
la structure interne. En s'inspirant de la théorie de Landau qui avait été le premier B avoir 
utilisé le concept de deux fluides pour expiiquer le caractère superfluide de I'Helium, De 
Gennes (1976) Fa appliqué aux milieux coatinus. Comme son nom Findique, ce modde 
considère que cbaque fluide, dans le &lange binaire, est décrit par ses propre variables 
d'état. Grâce à cette idée simple, le couplage entre la déformation de la structure inteme 
et la difision devient explicitement exphable dans la formulation théorique. En effet, ii 
suftit de considérer comme point de départ les équatio~ls d'Euler correspondant à cbaque 
fluide, de les transformer via une transfodon biunivoque appropriée, pour aboutir B 
des équations pour le mélange qui couplent natureliement la &'hion, la défocmation et 
l'écoulement. Durant la dernière décennie, œ concept a préludé au d6veloppement de 
plusieurs tbéories dynamiques pour les mélanges binaites qui mettent en hidence 
l'importance des mouvements relatifs inîernes (flux de difhsion). Ces deraiers se créent 
au sein ch système global par la présel~ce de différents composants qui se déplacent avec 
leurs propres vitesses. Cepencimt, ce n'est guère qu' avec l'apparition du formalisme 
OENERIC (Grmeia et Ottinger 1997) que l'importance des couplages précités est 
devenue relativement simple et exphite dans une formulation dynamique pour les 
systèmes binaires et teniaires. Cette méthode Hamilionienne appliquée aux milieux 
continus est longuement présentée dans les chapitres suivants. Elle a été déveIoppée pour 
garantit la compatibdité avec la thermodynamique, et notamment pour assurer qu'en 
i'absence de forces extérieures, le système évolue vas un état final d'8quilibre 
thermodynamique. 
Ce chapitre sera organisé comme suit. La section 2.2 discutera brikvement les lois 
de Fi& leurs prédictions aphysiques et leurs extensions dans le cadre de la 
thermodynamique hm équilibre. La d i m i o n  nondckienne dans les systémes binaires et 
ternaires fat l'objet du second paragraphe, 2.3. Le denier paragraphe, 2.4., esi consacré 
au coupIage entre la rhéologie et la diffiision. 
2.2. Théories classiques de la diffusion 
2.2.1. Sysfémes binaires : Lois de Fiek et leurs prédictions 
aphysiques 
Les deux lois proposèes par Fick en (1885) décrivent relativement bien la 
d i i s i o n  des petites moiécuies dans les substaaces simples tels que les gaz, les liquides et 
les solides. Par substance simple, on u m p r d  un milieu dont la structure interne évoiue 
dans une échelle de temps très différente (très petite ou trk grande) de A l e  du temps 
caractéristique de Ia diflûsion et par coosdqent, ne peut influencer le procezrzius du 
üanskt de masse. La première loi de Fick stipule que, Idement, le vecteur densité du 
flux de masse J(r,t) de la mtk diffllsant daas un milieu binaire simple, est 
proporiiomel d son gradient de ooocentr&t.ion c(r,t) 
où p est la densité globale du mélange binaire (masse par unité de volume). D est le 
coefficient cmsrcmt de diffiision mutuelle (m2/s). La deuxième loi de Fick, qui découle 
naturellement de I' équations de continuité , s'écrit sous la forme 
où le symbole 3, = a/% désigne la dérivée spatiale. Si on substitue l'expression (2.1) 
dans l'équation (2.2) on obtient l'équation parabolique suivante 
V2 est le Laplacien. Outre sa simplicité, la théorie de Fick permet de décrire aussi bien 
qualitativement que quanîitativement la diffusion dans les milieux binaires simples. 
Notons que du point de vue de la thermodynamique, la concentration c constitue dors la 
seule variable d'état qui permet de décrire complètement le transfert de masse d'une 
région de l'espace vers une autre. Des solutions assez détaillées de l'équation (2.3) pour 
plusieurs g6ométries et différentes conditions initiales et de frontières, peuvent être 
trouvées, par exemple, dms le livre de Cfank (1975). 
2.Z.l.a. Modèie de F i i  : ses prédictions apbysiqucs et soi extension 
pu Ir métôode de Ir tbermodynamiqut bon 4uiübrc 
En étudiant les phénomènes de la propagation de la chaleur, C m  s'était 
rendu compte que I'équation parabolique qui découle de la loi de Fourier prédit aux 
hautes fiéqueoces, une vitesse de propagation iatinie- Pour remédier B cette situation 
physiquement inadmissible, un terme exprimant la relaxation du flux de la ekalerir est 
ajouté dans l'équation de Fourier (Jou et al. 1984, 1993). D'une manière générale, toute 
loi décrivant la propagation d'une grandeur physique et exprimée sous la forme de la loi 
de Fourier présenterait les memes anomalies physiques aux hautes fréquences. Cela 
n'exclut pas évidemment la théorie parabolique de Fick décrite par les équations (2.1). 
(2.3). Pour tenir compte de I'inertie du flux de masse J (Jou et al. 1984, 1993 ), I'équation 
(2.1) a été teformulée dans le même esprit que celui adopté pour le transfert de la chaleur, 
T est le temps de relaxation. Pour de faibles valeurs de T, l'équation (2.4) coïncide avec 
la première loi de Fick donnée par (2.1). Cette extension, dans laquelle le flux de masse 
est considéré comme une variable d'état additionnelle, constitue la tendance actuelle des 
méthodes de la thermodynamique irréversible étendue (EIT : Extended irreversible 
Thermdynamics) (Jou 1993). Combinant (2.2) et (2,4), on arrive à 
qui est conaue sous te M M ~  de l'équation télégraphique. Cherchant les solutions de 
l'équation (2.5) sous forme d'ondes planes unidimensionnelles 
a est la fréquemx de l'onde, k est le nombre d'onde et c, est son amplitude. La relation de 
dispersion obtenue par substitution de (2.6) dans (2.5) est de la forme 
II en résulte que la vitesse de phase et la distance d'atténuation sont 
1 2D .(a)= - = - 
Imk v, 
Aux basses fiéquenees (a « 1 ), vfi = && et a = a sont les rkwltats praits 
par la théorie classiques de Fick. Aux hautes frequences (ai »i ), vPL, = 
am = z&. il est intéressant de voir que dans la limite r = O,  qui correspond à h loi de 
Fick on obtient les solutions aphysiques suivantes : v,,,,~ + m a a, = 0. 
En plus de ces prédictions aphysiqueq plusieurs obmtions expérimentales 
concernant la difision dans les polymères vitreux, les gels, les mélanges de poIymèreq 
les milieux poreux (ALfiey et al. 1966 ; Barrière 1997 ; Billovits et al. 1993 ; Duming a 
al. 1995 ; Gall et al. 1990,1991 ; Hassan et al. 1999 ; Huang a al. 1997; Hui et al. 1987, 
Kewi et Zupko 1969 ; ; Lasky et al. 1987 ; Long et Richman 1960 ; Thomas et WUidle 
1978, 198 1) viennent infirmer les lois de Fick Malgré la nécessitd d'intmhh le amcep& 
de la réponse retardée du flux de masse, les comportements observés dans ces milieux 
deviendraient inexplicables si on ne tient pas compte des effets de couplage entre la 
diffusion et la déformation de la stnicîure interne du polymère. Il est évident qu'exprimer 
un tel couplage dans le cadre des lois de Fick (2.1)-(2.3), est loin d'être trivial, ce qui 
requiert pour leur généralisation I*utilisation de la compatibilité de la difision avec la 
thermodynamique. Dans la section 2.3., on montrera que c'est par le biais de cette 
compatibilité qu'il est devenu possible de mettre en évidence l'effet d'un tel couplage dans 
les systèmes binaires en équilibre mécanique (qui ne sont pas soumis à un écoulement 
externe ). 
2.3. Diflusion non-Fickienne en l'absence d'un écoulement externe. 
2.3.1 Systémes binaires : couplage diifusion-déformation 
La difision, qualifiée de non-Fickienne ou viscodastique, de solvants dans les 
polymères a été longuement étudiée aussi bien expérimentalement (Alfiey et al. 1966 ; 
Bamére 1997 ; Billovits et al. 1993 ; Duming et al. 1995 ; Gall et al. 1990, 1991 ; Hassan 
et al, 1999 ; Huang et al. 1997; Hui et al. 1987, Kewi et Zupko 1969 ; ; Lasky et al. 
1987 ; Long et Richman 1960 ; Thomas et Windle 1978, 1981) que théoriquement 
(Durning 1985 ; Durning et Tabor 1986 ; Edwards et ai. 1995 ; Fu et al. 1993 ; bu et al. 
1984, 1993 ; Peppas et al, 1994 ; Thomas et al. 1982; Wu et Peppas, 1993). 
Généralement, les comportements observés, qui ne sont pas prédictibles par la théorie de 
Fick sont reliés aux temps de relaxation très lents que mettent les chaînes pour se 
réarrangex afin de loger les molécules diiïûsantes. Jusgu'a maintenant, on a pu identifter 
plusieurs comportements dans les polymères vitreux telles que la sorption sigmoïde, la 
sorption en deux étapes, la sorption pseudo-Fickienne, etc. Cependant, le cas qui a suscité 
te plus d'intérêt de la part de la cornmunaut6 scientifique reste sans aucun doute la 
d i s i o n  Cas II telle qu'etle a été baptisée par M e y  et al. (1966). Ce cas se distingue 
par les caractéristiques suivantes : 
(i) la masse absorbée croit linéairement dans le temps. 
(ii) Un h n t  abrupt sépare le polymère en une vitreuse encore sèche et 
une partie gonflée dans laqueiie il n'y a aucun gradient de concentration 
(iü) Le fiont du solvant se d é p b  avec une vitesse constante. 
( i i )  Le polymère reste dans son état vitreux après le processus de la dfision. 
(v) ii y a souvent un temps d'induction (appelé aussi temps d'incubation) 
durant lequel le h n t  s'établit à la surîâce du îïlm. 
Alfmy et al. (1966) ont remarqué que les comportements viscoélastiques observés 
dans les expériences unidimensio~eiies de la sorption se rangent entre deux cas 
limites extrêmes : le transport Cas 11 décrit ci dessus et la difftsion Fickienne appelée 
aussi Cas 1, Le premier est caractérisé par une vitesse constante et le second par le 
coefficient de difision D constant. Cette classification trouve son origine dans le fait 
qu'à l'instant initial, la position du fiont, X, est donnée par la relation expérimentaie 
simple X = qt' où q est une constante, n est un nombre réel et t représente le temps . 
D'une manière similaire, la masse par unité de surface de la quantitd du solvant absorbée 
par le polymère, M(t) , peut s'écrire comme M = qt' . Pour le Cas 1, n = Ih, pour le Cas 
[I n =1 et pour les cas intermédiaires 0.5 < n <1 . À l'exception du comportement 
SuperCas II observé ultérieurement et pour lequel n = 2, presque tous les cas non 
linéaires obtenus par des mesures de sorption ou de perméation se conforment à cette 
classification. 
L'observation, qui date de longtemps, d'un fiont de solvant raide qui traverse le 
polymère ne constitue pas une condition sutIisante pour prédire le transport Cas II, Dans 
la majorité des cas où un fiont visiile est détecté, il avance dans le polymère avec une 
vitesse décroissante. Dans les milieux Fickiens où le fiont du solvant varie selon la 
q2 relation X = qtoS , il se déplace avec une vitesse, dX/dt = ~ q t - O '  = -, qui décroit dans 
2X 
le temps ainsi qu'en fonction de la profondeur de phbtion.  En revanche, le transport 
Cas II, appelé aussi onde de choc dlAlfiey, est caractérisé par un b n t  abrupt qui ne 
décélère pas. San absuvation ne constitue pas un cas isolé, mais elle a été reportée dans 
plusieurs mélanges tels que le polystyrène dans l'acétone, le polystyrène dans les n- 
almes ( A l e  et al- 1966), la rCsine d'6poxide réticulée dans le benzène (Kwei et Zupko 
1%9), le polyméthecrylate de méthyle dans le méttianol (Thomas et Wmdle 1978, 1982) 
etc. 
Les premières tentatives pour expliquer la vitesse constante de ce 60% ont été 
basées sur la théorie de Fick laquelle de légères modifications ont été apportées. 
Rappelons qu' initialement, la diision Ficlcienne décrite par les équations (2.1)-(2.3) 
considère un coefficient de diffiision constant. Et pourtant, même dans les polymères 
caoutchouteux, le c ~ ~ c i e n t  de diffision varie avec la concentration du solvant, ce qui 
requiert L'utilisation de la loi de Fick généralisée 
Afin d'expliquer la vitesse constante du fiont dans les polymères vitreux, Ctank a 
supposé que le coefficient de diffision D(c) subit un saut de discontinuité de l'ordre de 
100-1000 quand on passe de la région godée à la r@on encore sèche. Avec des 
conditions initiales et aux ftontières normales, il d v e  a obtenir, a l'aide de l'équation 
(2.10)' le déplacement diin front abrupt, qui toutefois, dkélére dans Ic temps. Cette 
discontinuité dans D suppose que le polymère subit une transition vitrewe 
caoutchouteuse, alors que l'expérience montre qu'il reste dans son état vitreux à la fin du 
processus de la sorption (Alfiey et al. 1966 ; Barrière 1997 ; Thomas et Windle 1978, 
1981). Une autre tentstive, suggérait un coefficient de diffision variant dans le temps 
(Crank 1953). 
Plus tard, la relaxation moléculaire des chaînes de polymères fin considérée un 
facteur dant il faut tenir compte pour comprendre ces wmporlements non- 
Fickiens. Dans ce conteJrte, l'influence de la microstructure sur la a s i o n  devrait &e 
explicitement incluse dans Ics formulations mthématiques. La question qui s'&ait 
imposée B l'époque &.ait comment faut4 l'introduire dans ce processus 7. Cette tâche 
devient ardue dans le cadre de la théorie de Fick ou de sa forme généralisée (2.10). Afin 
de contourner cette diillculté, le coetliicient D a été postulb dépendre scponenentieîiement 
de la ~~matnüion  et de la contrainie interne du polymère traité alors comme un milieu 
visdlastique. Cependant, l'existence du 6ont abrupt se déplaçant avec une vitesse 
constante irait loin d'être reproduite par ces modèles qui, généralement manquent de 
bases physiques solides pour qu'ils soient considérés comme définitifs pour décrire 
correctement les observations expérimentales de la difision viscoélastique. Toutefois, 
cette tentative de relier les effets de la relaxation du polymère au processus de la 
cifision a pris un nouvel essor, une fois la compatiiilite de la diaision avec la 
thermodynamique a été utilisée. En effet, comme la concentration est influencée par la 
relaxation des chaînes du polymère, la force active pour la d i s i o n  devient le gradient 
du poîentiel chimique du solvant plutôt que le gradient de la concentration. Ceci permet 
d'exprimer le flux du solvant comme 
p, est le potentiel chimique du solvant qui dépend de la ûaction massique c et de la 
pression osmotique de gonflement P, En supposant l'incompressibilité matérielle du 
solvant, les modéles proposés dans la littérature utilisent la ûaction volumique 4 au lieu 
de la M i o n  massique. Par application de la règle de dérivation par chaîne, on arrive 
dans le cas d'une description unidimensionnelle à 
od A, exprime ta dérivée spatiale de la quantitd A (A = 4, P) par rapport à x choisie ici 
pour désigner la coardamée spatiale. Le potentiel chimique du solvant s'écrit saus la 
forme 
les paramètres p: , ai et VI sont nspe*ivernent le potentiel chimique réknce, 
l'wtivitt5 et le volume molaire du solvant. R est la constante des gaz et T est la 
température ambiante. Afin d'introduire l'influence de la structure interne, on utilise la 
condition de l'équilibre mécanique 
qui substituée dans l'équation (2.14) donne 
où ~ ( 4 )  = D,p,, . Le transfert de muse est décrit dans ce contexte par les deux variables 
d'état qui sont Ia ûactioa volumique du solvant + et la contrainte interne a crée dans le 
polymére par la difîùsion. Remarquons que cette deniidre variable d'état constitue, en 
fait, un choix indirect pour décrire la structure inteme. On verra dans les chapitres qui 
suiwont que la fonction de distribution de l'espace de conîjgutation w ou le tenseur de 
conformation m du polymère peuvent constituer des variables d'état ahdm qui ont 
i'avantage de fournir une description directe de l'évolution de la structure interne- Pour 
compléter la description donnée par (2.17), une équation d'évolution pour la conlrainte 
est don ajoutée. Thomas et Wiadle ont en 1980 supposé que k polymh est purement 
visqueux et peut ainsi être déuit par la loi de Newton mais avec une viscosité dépendant 
de la concentration 
Substituant (2.16) dans le seconde loi de Fick (2.2), ils amivent à 
En vue de retrouver leurs résultats expérimentaux, ces auteurs ont en plus exigé 
que le coefficient de dittiision doit moitre et que la viscosité doit décroître 
exponentiellement avec la hction volumique: D(4) = Doe4' n &) = qOeeb' ,a a b 
sont des constantes ajustables qui dépendent de la nature du matériau étudié et Do et q, 
sont les valeurs obtenues à la concentration zéro. 
La théorie de Thomas et W i t e  est considérée comme la première formulation 
gui a introduit explicitement l'effi de la mcture interna pour expli&r h âiision non- 
Fickieme. Malgré qu'elle ne traite que la diffision visqueuse, ils l'ont appliquée aux 
polymères vitrem, ce qui laisse supposer que les chaînes répondent instantanément a k 
difiùsion contrairement avec l'idée d'une relsxation lente des chaînes vitreuses. Pour 
remédier à cette fâiblesse, Durning et Tabor en 1986 ont introduit les effets de la 
relaxation de la structure interne. Le modèle IMéaife de Maxwell a don été choisi 
comme d l e  rhéologique pour combiner les effets de la réponse instanianée et 
retardée. 
r, =l est le temps de idaxaiion et G est ie modure d'CIasticité- Le transfert de masse 
G 
acquiert alors sa dénomination de la diffiision viscoélastique. De même, le coefficient de 
difision et la viscosité doivent, dépendre de la concentration afin d'obtenir un fiont 
abrupt du solvant. Plusieurs études mathématiques @dwds 1995) développées pour ces 
modèles ont été proposées pour expliquer le comportement onde de choc du transport Cas 
II* 
Généralement, le polymère subit, à ause de la pénétration, des changements de 
volume (gonflement) qui peuvent être significatifs, surtout s'il présente les propriétés 
d'élasticité et de l'affinité avec le solvant. L'augmentation du volume du polymère 
entraîne le déplacement de ses fiontières et nécessite par conséquent une c o ~ s s a n c e  
supplémentaire de l'évolution temporelle des conditions aux fiontières. Mentionons que 
cet effet du gonflement du polymère n'apparaît pas clairement dans les équations 
d'évolution (2.17)-(2.20). Afin de contourner cette d'icuhé, qui apparaît 
particulièrement dans la description Eulerienne, il devient plus approprié de reformuler 
les équations d'évolution dans la description matérielle (Lagrangie~e). En mécanique 
des milieux déformables, on utilise le tenseur gradient de déformation F pour relier les 
ccmrdo~ées déformées r ou Eulétiennes aux cuordomées non-dhformées Y ou 
Lagransiennes 
A une dimension, Wu et Peppas (1993) ont f i n t  les 6qmtions d'Cvolution (2.19) dans 
œ contexte 
Ils ont obtenu dans le régime linéaire 
et que la quantité de masse par unité de surface du solvant sorbée par le polymère dans le 
cas d'une expérience de sorption unidimensionnelle se transforme comme 
&, est la quantité de solvant absorbée à l'équilibre. Ces travaux résument les grandes 
tendances des théories développées pour expliquer la dfision viscoélastique. 
Dans la même époque que celle correspondant awr débuts des développements 
des théories visooélastiques de la diffision, Neogi (1983) a indépendamment utilisé, 
l'équation du flux (2.4) pour exptiquer la dasion Cas II. Cette équation linéaire prédit la 
propagation d'ondes planes linéaires qui correspond à un comportement, en apparence, 
similaire à celui du transport Cas II. Cependant, l'absence de la contnition de la 
déformation de la structure inteme ainsi que le caractère linéaire de ses équations a fhit 
que son modèle n'a pas trouvé un écho considérable. En effet, par anaiogie avec la 
propagation des discontinuités dans les fluides compressibles (onde de choc, ondes de 
taréfiiction, etc.) qui est un phénomène non-linéaire, la d i s i o n  Cas II ne peut être 
décrite par les équations de type (2.2) et (2.4) qu'A la condition de les étendre par des 
tenues non-linéaires de convection de flux comme il va être démontré dans le cinquiéme 
et sixième chapitres. 
2.3.2 Systèmes Ternaires : Lois de Fick Gén6ralisées. 
La première loi de Fick (24, qui a été développée dans le même esprit que cehi 
des lois linéaires expérimentales de Newton a de Fourier, stipule que dans les milieux 
binains isotropes, le flux de masse d'une composante est proportiod au gradient de sa 
-on. Toutefis, toutes les observations expérimentaIes liées aux phénomènes de 
transport ne se conforment pas à de simples relations linéaires entre un flux et une force. 
En effet, quand deux processus de transport, ou plus, prenmnt place simultanément dans 
un milieu, ils peuvent interfërer et produire des effets de couplage. Un exemple bien 
connu est fourni par l'interférence entre la diffiision et la conduction de la chaleur qui 
donne naissance à l'effet Soret et 8 I'effet nifour. Le premier, appelé aussi diision 
thermique, crée un gradient de concentration par application d'un gradient de la 
tempéniture. Le second est l'apparition d'une diffhnce de température survenant par 
application d'un gradient de concentration. Nous avons dC33 vu que la difision non- 
Fickienne d'un thide simple dans un polymère n'est compréhensible que dans le cadre 
d'un couplage entre la déformation de la structure interne et le transfert de masse. 
Dans les systèmes temaires, l'interférence entre les flux de masse des différents 
composants engendre des couplages qui contsibuent à la déviation par rapport aux lois de 
Fick (Bail et al. 2000 ; Cao et al. 1999 ; George et al. 2000 ; Lau et al. 1991 ; Nguyen et 
al, 2000 ; S d  et al. 1982, 1983 ; Uragarni et al. 1999 ). Ces couplages peuvent 
produire des effets d'entraînement, surtout en présence d'un fort godiement, où dans le 
cas de solvants compatibles qui s'entraînent les uns les autres par augmentation du 
vohme libre dans le poiymère. Généralement, il est difficile de ptédire le comportement 
de la difision pour un mélange par la simple connaissance des comportements des 
6lëments purs qui le constituent (Bal1 a al. 2000 ; Cao et al. 1999 ; George et af. 2000 ; 
Lau et al. 1991 ; Nguyen et al. 2000 ; Suxuki et al. 1982, 1983 ; Uragami et al. 1999 ). 
Par exemple, dans un même polymère vitreux, la dinision de certains solvants peut 
eKhiber le comportement Cas II dors que pour d'autres, le comportement est Fickien. La 
sarption de leur mélange présente un Comportement intermédiaire entre les deux cas ci 
dessus (Kwei et Zupko 1969). 
L' étude de la diffiision dans un mélange ternaire constitue l'étape naturelie, a@ 
celle consacrée à un mélange binaire, pour camprendre les mélanges B phisieurs 
composantes qui présensent un inté& d'évidence fondamentale dans le domaine 
industriel. Cependant, comme nous dons le voir daas cette section et dans les chapitres 
sept e$ huit, la description dynamique des systèmes ternaires est loin d'être ficile et sa 
généralisation à des systhmes h plusieurs composantes le sera encore moins. Aujourd'hui, 
le processus de la difision d'un fluide simple dans un polymère est relativement bien 
compris dans le cadre du couplage entre Ia diaision et la déformation de la structure 
interne. Malgré les applications indusûielles importantes qu'implique l'utilisation des 
mélanges ternaires, la description de la dynamique du transfert de masse dans ces 
systèmes trébuche (Medeman et al. 1999 ; Zielinski et al. 1999) encore et seules les lois 
généralisées simples de Fick sont encore utilisées 
Soulignons que le système teniaire est cansidért comme le système le plus simple 
pour lequel les relations de réciprocité d'ûnsager ( de Groat et Maair 1962 ; Fitts 1962) 
jouent un rde très important. Pour un système de n composantes, le nombre de 
coefficients de diffiision Di est (n-1)'. Dr sont les coefficients de difision principaux 
et Dg (iqj sont les coefficients de d i s ion  croisés. Les relations d' Onsager soumitent 
le ystéme à certaines contraintes qui réduisent le nombre de coefficients de difision H 
n(n-1)/2 termes indépendants. les lois (2.25) peuvent être utilisées pour expliqua le 
comportement de la âiision dans les polymère qui ne godent pas ou qui godent peu 
(Bal1 et al. 2000 ; Cao et al. 1999 ; George et al. 2000 ; Lau et al. 1991 ; Nguyen et al. 
2000; S d  et al. 1982, 1983 ; Uragami et ai. 1999). Néanmoinq elles ment 
insuffisantes pour satisfaire phisieurs maniféstations expérimentales en partidier celles 
obsedes dans les polymères vrtreux ou dans les gels. Cependant, due h l'absence de 
théories similaires à celles développées pour les mélanges V i s ,  ces lois sont encore 
utilisées pour expliquer les mesures de la pervaporation d'un mélange pat une membrane 
homogène dense. Rappelons que la pervaporation @kail et al, 2000 ; Cao a al, 1999 ; 
Georgeetal,2ûûû;Lauetai 2991;NguyenetaL2000; SuPikietaLl982, 
1983 ; U@ et al, 1999 ) est une t d q u e  de séparation qui a été obsenée pour la 
première fois par Kahlenm (1906) pur des mélanges d'hydrocarbures et d'alcool. 
Cependant, elle n'a reçu sa dénomination définitive qu'en 1917 par Kober. Elle est 
considérée comme une technique complémentaire 4 la distillation pow la séparation 
entre deux substances qui ont des points dt&ulliion très proches ou des mélanges 
azéotropes, EUe est basée sur I'utilisation d'une membrane dense homogène qui sépare 
deux compartiments: amont et aval. Le compartiment amont contient le mélange à 
séparer (appelé aussi la charge) et le compartiment aval est mis sous vide h l'aide d'un 
système de pompage. Le mélange qui tmvm la membrane, sous forme de vapeur, ayant 
une composition différente de la charge, arrive dans la partie avale où il est collecté a 
l'aide d'un conde~seut. La séparation entre les constituants s'effectue selon deux 
processus complémentaires i) la sorpim inégale à la face amont au contact avec le 
liquide qui se fait par modification de la composition du mélange qui tianchit I'interface 
chargemembrane dans la partie amont ii) la mobilité différente et inégale des especeS 
dans le matériau (diffiisivitd), Cette deniiére condition requiert des membranes 
d'6paisseurs trés faibles (quelques microns) pour assurer des application rentables 
industriellement. Finalement, c'est à partir de 1982 quo la technique de pervaparation va 
être utilisée industriellement pour déshydrater I'ithanol par la t h e  allemande GFT 
(Gesellschaft fiir TreMtechnik). Cette même mée, le premier workshop intemational 
pottant sur cette méthode s'est déroulé à Nancy (Clément 2000). 
Si dans les systèmes binaires, la concentration c d'un composant représente la 
seule variable d'état néeessaire pour décrire via Irr thbrie de Fick le processus de la 
difision daas les mélanges simples, elle devient néamoins insuffisante pour readre 
compte des digérents comportements observés. Les effets de la relaxation de la 
mimstnrcture du poiymère a conduit au développement de nouveaux d e l e s  pour 
esquels l'ensembles des &'étsts est éiendu. Les modéles de ia diilhion 
viscoélastiqueq introduisent deux variables d'états qui sont la concentration c et la 
contrainte a pour caractériser la structure interne (Durning et Tabor 1986 ; Edwards et ai. 
1995; Thomas et al. 1982; Wu et Peppas 1993). Le modèle de la thermodynamique hors 
équilibre de Neogi (1983) utilise deux variables d'états qui sont la ooncentration c et le 
flux de masse J. 
Les premiers décrits par c et a requihent la compatibilité avec la 
thermodynamique pour introduire les effets de la relaxation, et seule la viscoélasticité 
linéaire est utilisée. Ces modèles restent cependant limités pour décrire les 
comportements non linéaires observés dans les polyméres qui gonflent et donc passent 
d'un état d'équilibre initiai vers un état d'équilibre finai différent. Cette non linéantd 
apparaîî plus particulièrement dans le transport Cas ï I  ou les profils de la concentration, 
de flux de masse et de la conformation sont raides et leurs gradients sont importants pour 
être négligés. En plus d'ignorer les effets de la réponse reîardée du flux de masse, ces 
modèles exigent un dcient de diffusion et un coefficient de viscosité qui dépendent 
fortement de Ia concentration, contrairement avec certaines observations expérimemales 
qui montrent que le polymère reste dans son état vitreux a la fin du processus de la 
sorption. 
Le modèle de Neogi (1983), basée sur les concept de la thermodynamique hors 
équilibre, en plus d'tre linéaire, néglige complètement les effets de la ddfonnation du 
polymère. Dans les polymères élastiques, c'est plut& la réponse retardée de la 
déformation qui joue un rôle dominant. 
Dans les systèmes ternaires, il n'y a pas actuellemeut une description viscoélastique qui 
tient compte des &eis de la microstructure du polymère et de son infiuence sur la 
diftiision. A cette laaine, nous avons remédie dans l'article 5. 
2 m 4 m  cou ph^ entre la RhCdgie et h Dilhsbn : crul le ment Externe 
-s plus de 40 aaq phisieurs observations expérimentales (Rangel-NafâiIe et 
al. 1984 ainsi que dteutres dfknces citées par ces auteurs) montrent que des 
changements de phase peuvent survenir dans les solutions solvant-polymère auxquelles 
un écoulement est appliqué. De tels comportements induits par écoulement, comme les 
qualifie la littérature, sont similaires aux transformations qui se produisent, à l'état 
statique, par un changement de la température (chauffage, rebidissement), et incluent 
la turbidii la formation de fibres solides, la cristallisation, la précipitation. Pour 
examiner ces phénoméneq plusieurs techniques expdrirnentales ont été utilisées comme 
la diffision de la lumih.e, des rayons X, et des neutrons et qui ont permis de déterminer 
l'échelle de la longueur caractéristique à partir de laquelle la miscibilité ou la séparation 
se produisent. 
II est plus aisé de concevoir que sous l'effet de l'écoulement, c'est plutôt la 
miscibilité qui est favorisée dans les fluides polymériques que la séparation de phase. 
Toutefois, ce dernier phénomène, plus complexe à d W e  que le premier, est observé 
comme un comportement qui peut être induit paf application d'un écoulement externe. Le 
mélange polystyr6nelpolyether méthyle de vinyle (PStPVME) montre une séparation de 
phase induite par écoulement à des températures en dessous de la température aitique 
LCST (lower critical solution tempérame), mais présente aussi un effet de mélange a des 
températures supérieures à la LCST. Ces observations, qui sembleraient il première vue 
contradictoires, compliquent la nature du problème. Cependant, si la tendance pour la 
miscibilité existe toujours dans les mélanges sous cisaillement, celle pour la sépanai0on 
semble ne se produire qu'au voisinage de la temphture critique et surtout quand les deux 
composants ont des propriétés visCoélastiques ûès cliffikentes. Les systèmes les plus 
simples, où ce phénomène survient, sont les solutions formées d'un polymère et d'un 
solvant. Généralement, cet effét est reporte dans tes soiutions semidiluées (Kume et al. 
1997 ; Murase et al. 1995), mais même les sohitions diluées peuvent l'exhiber dans des 
géométries d'écoulement curvilignes. 
Dans les solutions semidiluées de @pires, la hRnation de stnictures solides 
correspond à une augmentation de la température de précipitation de plusieurs dizaines de 
degrés Celsius. Par exemple, ies solutions de pdystyréne de bauts poids moléculaires 
(210~) dans le phtalate de dioctyle (PS/DOP) deviennent turbides à des températures plus 
grandes que la température spinodale correspondant B une solution au repos. Rangel- 
Nafail et ai. (1984) ont observé des changements de température de l'ordre de 3 - 28 O C  et 
ont montré que la séparation de phase est sensible à la température, au poids moléculaire 
et à la fiaction volumique du polymère, et au taux de cisaillement. En revanche, elle 
devient insignifiante et diflticilement observable si la fraction volumique du polymère est 
proche de sa valeur critique et que son poids moléculaire est modéré. 
Plusieurs auteurs ont développé des modéles théoriques pour expliquer ces 
comportements induits par écoulement. On peut citer à titre d'exemples l'utilisation de 
l'approche pseudo thermodynamique (Rangel-Nafaile et al. 1984; Wolf 1984), la 
thermodynamique hors équilibre (Doi 1990 ; Helfand 1989 ; Ji 1995 ; LHuillier 1985, 
2000 ; Onuki 1989, 1997 ; van Egmond 1997, 1992) et la méthode Hamiltonienne (Beris 
et Edwards 1994 ; Mavrantzas et Beris 1992 ) etc. 
Rangel-Nafaile et al. (1984) et Wolf (1984), ont modüié i'énergie de Flory- 
Huggins (1953), (pFH, qui décrit le mélange statique d'un solvant et d'un polymère en 
ajoutant un nouveau teme d'écoulement qui est proportionnel à la trace du tenseur de la 
contrainte mécanique dH 
11s ont ensuite utilisé les équations de la thermodynamique i l'équilibre - égaiité des 
potentiels chimiques- pour prédire le déplacement (SM) de la temmture produit par 
cisaillement dans le PSIDOP. Cette approche pseudo-thdynamique donne de bon 
résultats en accord avec les observations. Néanmoias, cette tbéorie a été aitiqude par 
Helfaad et Fredrickson (1989) et par ûnuki (1989) qui lui reprochent de minimiser 
l'éaergie iiire dors que le système sous cisaiflement est hors de l'équilibre 
thermodynamique. De piuq cette thCorie ne peut pas ptédire ni décrire la structure de la 
solution en écouiement, Une meilleure approcbe pour étudier les propriétés physiques 
dans le régime permanent consisterait à chercher et à examiner les états stationmires d'un 
modèle dynamique. Helfand et Frednckson (1989), ont utilisé le modèle deux fluides 
(wfluid model), décrit dans l'introduction 2.l., et ont développé une description 
dymnipe qui tient compte de l'anitropie de la structure interne. Le tenseur taux de 
déformation est choisi comme variable d'état pour décrire les effets viscoélastiques. Leur 
théorie est capable de reproduire quelques observations @uttertly-pattern) obenues à 
partir des mesures de la diision de la lumière, mais elle est limitée aux f5iibles valeurs 
de taux de cisaillement et ne peut décrire toutes les structures observées comme il a été 
mentionné par Ji (1997)- 
Beris et Edwards (1994), Doi (1990, 1992), fi (1995), Lhuillier (1985, 2000), 
Onuki (1989, 1997), Milner (1993), van Egmond (1997) et d'autres ont introduit une 
variable d'élasticité qui représente le degré d'anisotropie interne. Le mélange binaire 
incomptessible est don caractérisé par trois variables d'état : la fhction volumique du 
polymère 4, la vitesse de l'écoulement v, et un tenseur symétrique du second ordre pour 
décrire l'anisotropie interne. Us ont alors écrits des équations phénoménologiques en 
utilisant la méthode de Langevin. Pour introduire les effets de l'élasticité dans t'iquation 
de la diffiision, Onuki (1989) utilise la compatibilité avec la thermodynamique et le 
gradient du potentiel chimique qui devient la force active pour la diffision, Le potentiel 
chimique dépend de l'élasticitk du polymère et l'équation de la concentration est couplde 
avec l'équation de l'écoulement. Cependant, il a négligé dans l'équation de la diffision les 
effets de I'm-sobnpie produits par les contraintes internes, Beris et Edwards (1994), Doi 
(1990, 1992), Ji (1995), Lhuiliier (1985, 2000), Milnw (1991), Onuki (1997), van 
Egmond (1997), et d'autres, en utilisant deux fluides pour décrire le mélange b'uiaire, 
arrivent à une fomulation ou le couplage entre la diision et les contraintes inteme 
devient apparent et permet, par conséquent, de tenir compte de l'anisotropie observée 
dans le transfert de masse (migation à travers les lignes de courant, etc.). 
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Chapitre 3 Objecîif et liens entre les articles 
Le travail de cette thèse est consacré aux comportements non standards de la 
diision observés dans les mélanges binaires et teniaires soumis ou non à un écoulement 
externe. Dans le chapitre 2, nous avons montré que plusieus questions restent encore en 
suspens malgré la quantité de formulations consacrées à ce sujet. L'objectif de cette thèse 
est de contribuer à Ieur compréhension et a combler certaines de ces lacunes. Dans cette 
perspective, la procédure que nous avons adoptée et poursuivie tout au long de ce travail 
consiste en deux étapes 
1. Choisir des observations expérimentales particulières qui restent encore mal 
décrites ou dont l'étude est encore non entreprise. 
2. Développer ensuite des modèles théoriques en vue de les expliquer. 
Cette modélisation en deux étapes s'est avérée trés utile comme il sera démontré 
dans le corps du travail, car elle requiert, tout d'abord, de bien définir et comprendre le 
phénomène physique lié aux comportements observés, et ensuite, de dévefopper une 
théorie dynamique adéquate pour I'expliquer. Récemment, cette demière étape est 
devenue fkilement réalisable à l'aide du formalisme GENERX qui permet de &terminer 
les équations gommant l'évolution temporelle du système considéré, et de garantir que 
leus solutions soient compatibles avec la thermodynamique , On procéde dans une 
première étape h trouver leurs soiutions asymptotiques (qui coincideraient avec les lois ou 
les d è l e s  développés pour décrire certains cas parîicuiiers, e.g la loi de Fi& pouf les 
systèmes binaires, la loi de Fick généraiide pour les systèmes tanaires, etc). La 
deuxième érape consiste à chercher les solutions numériques et à les comparer 
directement avec les mesures expérimentales. Cette demière étape se &le décisive et 
indispensable pour tester et complèter les modèles développés, 
Les mélanges binaires et ternaires, soumis à un écoulement imposé, sont étudiés 
respectivement dans les premier et quatrième articles. Dans ces mélanges, chaque 
composant est décrit par ses propres va~iab1es d'états. Dans les mélanges binaires (article 
I), les modèles dévelopés montrent clairement et explicitement l'importance des 
couplages qui surviennent entre la dübion, l'écodement et la déformation de ia 
structure interne. Les systèmes ternaires (article 4), révèlent, en plus des couplages ci- 
dessus observés dans les mélanges binaires, l'existence de nouveaux couplages qui 
apparaissent entre les flux de d i s ion  et qui génèrent des flets d'entraînement. 
Pour étudier les comportements noa-Fickienq en l'absence d'un écoulement 
externe, et qui sont observés durant la d i s i o n  d'un solvant (articles 2 et 3) ou de deux 
solvants (article 5) a travers un polymère, nous avons utilisé les modèles développés 
respectivement dans les articles 1 et 4 , mais en imposant les contraintes de l'équilibre 
mécanique et de Pincompressibilité &baie. Le travail de l'article 2 et de son extension 
directe donnée par l'article 5 mettent en évidence l'importance du couplage entre la 
difision et la microstructure. Dans ces deux articles, la partie numérique et la 
comparaison avec les observations expérimentales sont consacrées aux modèles décrivant 
la diffision non-Ficlcienne produite pat I'inerîie des flux de masse. Le développement 
entrepris dans article 3 génédise celui de l'article 2 OU une étude analytique et 
numérique détaillée, appuyk par une comparaison directe avec l'expérience, montre 
l'interdépendance entre le transfert de masse et la déformation de la structure interne, 
Cbapitrt 4. 
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Journal ofNon-Newtoniao Fhiid Mechanicq 86 (1999) 253-275. 
Difltiision and rheo10gy in a mDcture of two simple or one simple and one complex 
hiids are studied systematicaüy in the fkmework of GENERlC modeling. The main result 
is a set of intrinsicaily consistent equations governing the time evolution of the overail 
m a s  demity, overall momentum density (this equation involves explicit formulae for the 
scalar hydrodynamic pressure and the extra stress teusor), relative concentration of one 
fluid, difiusion flux, and the microsûucture of the mmplex fluid. In the process of solving 
these equations we réCover weU known results cbncemhg the infiuence of stresses on 
difliision and obtain new results concerning the influence of MÙsion on stresses. 
Couplhg between difiùsion and macrosoapic o v e d  %ow is seen for example in the 
bebavior of poiyrner solutions. As s specific iliustration, we can mention a d o m  
polymer solution sheared between two Qarald rotatiag discs. As noted by Schreiber et al. 
[IL the polymer in this situation tends to &ce its elastic energy aad diifuses thus toward 
the eenter of the discs (see also [2J), The ditliision is, in generai, non-Fickean. In this 
illustration the inhomogeneous fluw induces diffusion. We can think also about anotber 
situation [3,4] in which a polymer solution at rest starts to 0ow if put into the contact 
with the solvent. In this illustration the f i s i a n  (again in g e n d  non-Fickean) induces 
the macrumpic overall tlow. 
Our objective in this paper is to fornulate a setting that is suitable for discussing the 
rheology-diffision coupling. We s h d  foilow the Hamiltonian modeiing 1 5 4 ,  in particular 
then its latest formulation, d e d  GENERIC (General Equation for the Non-Equilibrium 
Reversible-lrreversible Coupling) [8,9]. We begin therefore by recalting the basic physics 
behind this h 4 s m .  FoHowÏng the spint of the Hamihonian modeling, we focus our 
attention fmt on the consequeme of the goveniing equations that we want to formulate, 
We want to parantee that soiutions to these gowming equations agree with results of 
aertain fiindamental observations. We M o r e  pro& as Mows. F i  we id* the 
observations that we consider to be îùndanientd, second, we identifj. the structure of the 
equations that guarantees itioit th& sotutions agree with resuhs of these observatio~ls, aud 
W y ,  we express tbe physics of the particular pmblan d e r  consideration in the 
realization of the sûucturecture in this paper, we choose the fiiiadamental absenrations to be 
those constituting the experimental basis of equiii'brium thermodynamics ce. the 
observations that a sysîem left su86cienîiy long rime without e x i d  infhieaces maches a 
state at which its b v i o r  is weil d c s c ~ l i  by apiü'bn'um tbermodynamics). The 
mathmatical striPcture ofthe ~ 0 1 1 s  thb guarantees agreément wiih these obSetvatiOns 
has a@ graduaüy [S-81. Roughiy speaking, the vector fieid g d g  the time 
evoiution is a gradient of two potemials, i.e. a covector, tmstbnned into a veetor by a 
Poissan and a Rieriannian-iike stnictures in the space of the chosen state variables. The 
pot& are relatcd ta (they have the physicai raeaniog of energy and 
entropy) and the two structures in th date space express the kinematics of the chriiien 
state variables. The governing equations are then introduced as particUlm realilations of 
the general structure. It is in the realitation wbere we express tbe particulan@ of the 
macroscopic sy stem under consideration. The redhtion cousists of fm steps : selection 
of the state variables, identification of tbeir Poisson kinenaatics, identification of theii. 
Riem111111i811-like khmatics, and haiiy, specification of the potentids. in this paper, we 
hai l  follow these four steps. Al1 their necessary physical and mathematical aspects d be 
explained. 
The rheology-dision coupüng has been discussed previously by using various 
approaches [2,4,11-251. The most important new fkahire of the present paper is 
completeness and unification. For example, we recover as particular cases some of the 
weli h w n  non standard diffiision equations [2-4, 11-25] that couple dision with 
stresses. With every such equation we obtain however also the corresponding expression 
for the extra stress tensor that couples the flow to dfision. This result, arising nahidy in 
the Hamiltonian modeüng, is enMy new. 
The physical system that we shall discws in this paper is a two-component Buid. One 
component is a solvent (a simple fluiâ) and the second camponent is a cornplex Biid (e-g. 
a polymuic fluid). Tbe two wmponents are assumed to fom a completely misc1'ble 
sokrtiou, Le, tbere is no macrosoopk interface mside the thid. Both niMis are supposai to 
be kept at a constant and unifonn temperature. in order to study the t h e  evolution of tbis 
system, we have to ctaoose 6rst the quantities, d e d  state variables, with which we shall 
characterize States. We d now the considerations hvolved in cboosing the state 
variables. 
F I  we have to cleady speeifj. out interestq i-e. what do we want to ptbdict and 
what type of experimental observations do we want to compare with_ in this paper, our 
interests are those of a rheologist. This means that we look at the auid via the 
experimental methods developed in classicai hydrod~iiami'cs and rheology. As a 
consequence, the basic state variables will be selected to be the classicai hydr~dyn~cs  
fields (Le, fields of mass density, momentum and energy) and if this is found to be 
inwflicient, we adopt some other fields. We want to remain however with the d e s t  
possible number of additional fields. 
How can we see whether a given set of state variables is suflbicient ? To answer this 
question we c m  foiiow either a theoreticai or an experimental approach. In the theoretical 
analysis, we have to begin on a more microscopie level of description (e.g. wet follow ail 
molecules composing the fluid) and to show that the time evolution of the c h e n  state 
variables is clearly separated fiom the tirne evolution of the remsinhg details. In the 
expehental analysis we have to check that the predictions based on the t h e  evohtioa of 
the chosen state variables are reproducible in measurements. In practice neither ihe 
theoretiretical nor the experimental analysis c m  be followed completely. The choice of state 
vananables becames thus a guessing enterprise based on the colfected -ence and the 
triai-and-error method. 
if the two compoaeats are simple fluids then we choose as state variables 
:= (P,, .,, P t ,  %)> 
wbere the symbol x denotes the set of state pi and pi are the mass density and 
momentum respective, i=1,2 is the index &mhg to the componed 30th pi ad ai 
depend on the position vector and the time t- The upper index (4.1) in d'' d r s  to the 
6rst choie of state variables. Followiug the classicai studies of &sion [l8], it is 
wnvenient to transfOrm x"' into another set of siwe variables, denoted )EL' 
y") := (P, c, * w) 
by the one-twne transformation 
p is the total m a s  densiîy, c is the concentration of the component 1, u is the total 
momeatum and w is the relative momentum. Instead of the momentum field u we can also 
use the velocity field v. This field will be introduced later as a field conjugate to u (ie. as 
the derivative of the thermoâynamic potential with respect to u). 
If the second component is a complex fluid then we choose 
The symboIs pi and ui have the same meanhg as in (4.1), ~ ( r ,  R, t) is a configuration 
space distriiution ibnaion of macromolecules (composing the second oamponent) with 
the end-to-end vector R Wth this distniution fùnction we choose to chenicterize the 




where YI is the solvent material density and 4, is the voiume 6action of the polymer- We 
shali assume that y1 is a constant (the assumption of materiai incompressl'b'ity) so that pl 
and 41 Wer only by a constant multiplication W o r  of the mas density dimension (41 is 
dirndonless). Without the assumption of matenal incompressibility we would have to 
adopt 41 as additional state variable. 
If the transformation (4.3) is applied to x'2', we arrive at : 
Alternatively, we can charactecize the internai structure of the second component by a 
conformation tensor m, i.e. we introduce 
d3' := (PI. 4, P2, u2, m) 
The conformation tensor m is related to the distribution tunction yr by 
By using the transformation (4.3) we aiso introduce 
Y') :":= (p, c, II, n, m) 
4.4. Poisson Kiaemrtics 
Having chosen the state variables, our next task is ta determine their kinematics. This 
is the 6rst step on the way ta estabüsh the tirne evolution equations. F i  we recall the 
kinematics of (p, u), Le. the bernatics of the mass density and momentum of a one 
component fluid. The motion of a fiuid in classical continuum mechanics is regarded as a 
group (Lie gmip) of transformation + p, an element of the duai of the Lie algebra 
d a t e d  with this Lie group is the momentum m. The Lie group structure induces in the 
dual of the Lie algebra a Poisson structure specüied by the Poisson bracket [19] 
In (4.10) we use the foiiowing notation : 4 B are dciently cegular real valued fiinctioas 
of u(r), a, : = & /,. and A ,  : = 8 % (r) is the Volterra M o n i d  derivative, the 
summation convention over repeated indices is used throughout this paper. 
To elucidate the physical meaning of (4.10) we sbail recall an alternative derivation 
[5,6]. Let us begin at the ~ o s c o p i c  Ievei, Le- we characterize the fluid under 
consideration by the N-particle distriition fùnction f,(r,, v,, ... , r,, v,), where 
~ - 1 0 ~  is the number of pdcles composing the fluid (ri, vi) , i = 1, ... , N are the position 
and velocity vcctors of the i"' particle. The Ion-tics of (r,, v,, ... ,r,, v,) is 
characterized by the classicai canoaical Poisson bracket 
wtme a, b are sut~cientiy reguiar rai nhid fiiactions of (r,, v,, ... ,r,, v,), 
a, = a$ r, The Poisson b i d a t  m. the kiaematics of 
f,(r,, v,, ... ,r,, v,) ern k obtained by regardkg fi as d e s  of the âuai to the Lie 
algebra cocrtspond'ig to the Lie group of canonid transformations in 
('1, v,, ... ,rN, vH) [IA. in* waywemiveat 
This bracket has a cl- physicai interpretation : if we consider A and B to be iinear 
functionals of fN, i.e. we take 
and similady 
and fN to be the Klimoaotovich distniution function 
where Fi and vi are coorduiates and velocities of the particies, thea (4.12) clearfy reduces 
to (4.1 1). 
We see thus that (4.12) is a naturai extension of (4.1 1) to the description that uses 
distniution fùnctions rather than discrete position coordinates and veiocities of the 
particies. From (4.12) we now anive at (4.10) by simply expressing u(r) in terms of f~ : 
i-N 
u k t  .+[drNjd*, ...[ dvN fN(zmvi6(r - (4.16) 
kt 
where m is the mass of one pariicie. If we restrict (4.12) to iùnctiods A, B that depend 
on fN ody thfough tbeir dependence on u(r) (see (4.1 6)), we anive at (4.10) by replacing 
If in addition to u(r) the fiuid is also chmcterized by the mass density p(r) tbea (4.10) 
extends to 
The new tenn expresses that p(r) is advected by the tlow generated by u(r) [19]. This 
Poisson bracket can also be simply derived fiom (4.12). In addition to u(r) given by (4.16) 
we also introduce 
i-N 
( r )  d . . .drjdv,  j d v .  f . ( Z m ~ ( r  - 5)) 
1-1 
Then , we resûict (4.12) to functiods 4 B that depend on fN only through their 
dependence on p(r) and u(r) (see (4.18) suid (4.16)). The Volterra functional derivative in 
(4.12) is now replaced by 
A - ,  
Straitraightforward caiculatim lead diredly fiom (4-12) to (4.17). 
We now proceed to specifl the Poisson k k d c s  of x and y O) (see (4.1), (4.7)). 
As for x ('), the Poisson k i n d c s  is simply the sum of (4.17) for component 1 and (4-17) 
for component 2. The one-twne transformation (4.3) W o r m s  this Poisson bracket 
into another Poisson bracket 
expressing the Poisson bernatics of y ('). The calculations leading tiom the bracket for x 
(') ( the sum of two brackets (4.17), one for (p, II,) and the other for (fi, II*)) to the 
bracket (4.20) for y (l) consists of expressing, by using (4.3), A, , A, , Ami , A,*, 
B,, B, ' , ,  BmZ ~ t e ~ s o f A , A , h A h B R B U B L B -  
Next, we twn OUT attention to the Poisson kinematics of the state variables x and y 
(see (4.4), (4.6)). We r d  [S-91 that îhe Poisson bracket speciCyùig the Poisson 
kinematics of a one-component cornplex fluid wbose States are charactenzed by (p, u, y) 
is 
The two ternis that k l v e  y, express the adv4on by tbe flow generated by u. The 
Poisson bracket expressing the kinematics of y ") is : 
(4-2s) 
F E ,  we determine the Poisson kinematics of x '3' and y (see (4.7) and (4.9))- We 
first consider again only a one component complex fiuid. The kinematics of (p, U, m) 
The last three lines are the terms expressing the simple advection of m. They are obtained 
simply from the second term on the nght band side of (4.21) 0.e. the tetm expressing the 
simple advation of y) by ushg the relation (4.8) W e e n  p and m. The Poisson btacket 
expresshg the kinematica ofy '3] (sec (4.9)) is thus 
4.5. Gaveming Equations 
As alredy pamted out in the Introduction, our objective is to Uitroduce time evohition 
equations whose sahtio~ are guaranteed to agree witb equiüirium thermodynamics. This 
means that in tbe absence of extenial forces, the f i d s  reach (as time t -) a) a state, callecl 
an equiliirium state, at which its behavior is found to be wel  descfl'bed by equiii'brium 
thnmodyoamics. We thus look for a structure of the t h e  evolution equations that 
guarantees this property of tbeir sohitioas. Such a structure bas been identined in CS-91. 
We sbali mw it. It is important to stress that the way we preseat (and justify) the 
structure in th paper is oaly one among uiany that have been explored (see Re&. 15-91), 
S k e  the temperaaire T has been supposed to be kept coostad We pmmt the 
generai stnichue only th isotbemial systems. Let x denote the state variables and @ (x, T) 
the Helmbohz ibe ener~y. We say that fD (q T) is a Helmholtz fiee energy if: 
ü) Q, (MT), T) is the equilibrium tbermodynamic fiee energy expressing the 
bdamental relation; %(T) is a state at which 4 reaches its minimum, Le. 
The inequaiity (4.25) together with the requirement that cP is a convex tùnction in a 
neighborhood of* allows to interpret f5 as a Lyapunov tùnction correspondhg to the 
approach of x to x, as t + 00. We thus conclude that UT), called an equilibrium state, is 
the state approached as t+ 00 . 
The problem now is to introduce the equation govemhg the time evolutioa of x so 
that (4.25) holds. This problem does not have, of course, a unique solution. In general, 
there are many time evolutions of x tbat will imply (4.25). Other considerations and 
requirements are needed to narrow d o m  the solution. Based on Refs. [5-91, we suggest 
the following time evolution equation : 
This equation is rquired to hold for aü red vahed (sufncieatly regular) fiinctionals A(x). 
The foilowhg notation has been uscâ in (4.27), @ denotes the fiee energy, { , ) is the 
Poisson bracket expressing kinematics of x (see Section Hi), and [ , ] is a dissipation 
bracket satisfying the fouowing properth : 
Equation (4.27) is only a special case of a r i c k  structure, d e d  GEh?HUC (General 
Equation for Non E@'brium Reversible and Irreversi'ble Couphg) introduced in [8,9] 
but (4.27) wüi be sufncient for the applications considered in this paper. 
We now show that (4.27) indeed implies (4.25). By writing (4.27) with A = a, we 
cleady obtain (4.25) since (@,@)=O (due to the antisymmetry property of Poisson 
brackets) and [@,QI r O due to (4.28)). The time evolution (4.27) with the second term 
on the right b d  side missiag is called a nondissipative time evolution equation (since for 
this equation a = , ) and also a Hamiltonian (or Poisson) equation since ( , ) is a 
d l  
Poisson bracket. The second tenn on the right hand side of (4.27) introduces the 
dissipation (Le. d ,, ). This is also the reason why we cal1 the bracket [ , ] a 
d i  
dissipation bracket. 
Next, we retum to the particular problem of a two component fluids discussed in this 
paper. In Section 4.6 we introduce a particutar rdzation of (4.27) corresponding to a 
mixture of two simple fluids while in Section 4.7 we generalite the d y s i s  to cornplex 
fiuids. By a realization of (4.27) we mean a specification of state variables x (this has 
already been done in Section 4,3), a speciâication of the Poisson bracket { , ) (this has aiso 
already been done, see Section 4.4), a specification of the dissipation bracket [ , ] to be 
done below, and a specification of the f'ree eaergy @ . 
4.6. Diffusion witb Intrtia in Simple Ftuids 
In this we look fbr a realuation of Eq. (4.27) corresponding to a binary 
mixture of simple fiuids. We begin by selecting the state variables. This has aûeady been 
discussed in Section 4.3 where we decided to choose the state (42). We have 
aiso a h d y  found tbea Poisson khemtics (4.20). Next, we tum to the dissipation 
bracket [ , ] ad suggest the fdtowing one : 
where q, q, are second order teasors that account respectiveiy for the shear and bulk 
viscosities. We define them as foüows : 
q, qr, v, q,, qr, v, are viscosity d c i e a t s  whose physicai content will be specified later, 
Dx and Dx, ( where X = A, B) are gradients of the total and the rehtive momenta given 
by 
The dissipation bracket (4.29) written explidy becornes 
wherein A is a phenomenological coeiXcient whose physicai meanhg wiH be established 
later on. 
We d y  ver@ that (4.29) satisfies the properties (4.28) provideci that q, q, ,arc 
positive definite marices i.e. 
and A a positive parameter. It will be show below that the first line on the right h a d  side 
of (4.34) accouats for the Navier-Stokes dissipation (q and qv are the shear and bulk 
viscosity coefficients respectively). The second line on the right hand side of (4.34), that 
we have introduced by analogy to the first one, has an equivalent meaning and can be 
regardeci as representing the viscous dissipation corresponding to the relative Mûsive 
motion. Its si@cance will appear subsequently when formulating the evolution equations 
for the concentration and for the relative rnornentum W. We will show its close 
relationship to the osmotic pressure and thus we shall provide a clm%cation of the 
relationship between hydrodynamîc and osmotic pressures. The d c i e n t s  (qr, qrv) are 
respectively the relative shear and the relative bulk viscosities. They express the resistance 
encountered by d i s ing  penetrants when movhg fiom one fhtid into the other. The thud 
line on the right hand side of (4.34) can be interpreted as a dissipation rd t ing  âiom the 
coupting between total and relative motions. Finaliy, the last tenn expmses a dires 
dissipation ofw(t). We shall see below that the phen0me~)Iogicai d c i e n t  A is r e l d  
to the difîùsion &cient. 
Whaîremainsistospeciflthefieeenergy@- Weshallpostponethistaskandwnte 
6irst Eq. (4.27) in a more explicit form but with @ l& undeteniiined. The way to 
obtain h m  (4.27) the timc evolution @ans fa @, NI, c, w) is the foliowing : the Ieft 
hand side of (4.27) can be given as 
du, - = Id. (a, - +A - ac a wa 
dt at a t  + A= + A, a() (4.35) 
The right hand side of (4.27) ern ah be recast, by using integration by parts and 
boundaq conditions for wbich al1 the inegraîs ova the oniits of the domwi of integration 
are equal zero, into the form 
where @ , ..., 0 represent the tainr Snsing in the caiai*tions. From equations (4.35) 
and (4.36) and by requiring that the equality holds for al1 hctions A, we obtain the the 
evolution equations 
or in explicit form 
and 
a ~a -= -a&, a,) - aap - a, r, 
a t  
The t a s  in Eqs. (4.38)-(4.41) that invoive new, so far unexplainecl, symbls wiii be 
written explicitly below. Next, we shall cake Eqs. (4.38)-(4.41), one &er the other, write 
them explicitly and discuss their physical content. 
Equation (4.38) is the classical local conseryation law of mass. We see that @, is the 
veiocity field. Indeed, we r e d  that the Helmholtz Eree energy 
where E is the energy, S the entropy and T the constant temperature (a constant parameter 
in this paper ). ifs is independent of u and 
Equation (4.39) is the classical local conservation law for the momentum u, p is the 
scalar hydrodynamic pressure expressed ôy 
whae Q is the density of @, Le. @ = dr Q (r), and the extra stress tenaor expressed by 
Using the terminology introduced in classical hydrodynamics, expressions (4.44)-(4.46) 
represent constitutive relations. We emphasize that these constitutive relations arise in the 
calculations involved in (4.37). In our anaiysis they thus arise as a consequence of the 
Poisson bernatics and of the choice (4.34) of the dissipation bracket. This is in shatp 
contrast to the classicai approach where the arguments leadhg to the constitutive relations 
are separate h m  the arguments on which the tirne evolution equations are based. Now 
we interpret physically the constitutive relations (4.44)-(4.46). We note ûrst that (44) 
represents a generalization of the local equiliiirium expression for the pressure. Indeed, if 
the field w is absent then (4.44) reduces to the result lcnown h m  classical hydrodynamiynamics 
[S-91 (i.e. p is relateci pointWise to p and T as in equilibrium provided u = O). We 
emphasize that we did not assume the fluid as a whole to be incompressible (Le. p is a 
state variable, it can change in ras well as in t). If on the other hand, we would assume the 
incompmsi'bility then p w d d  not serve as a state the second tenn on the ri& 
haad side of (4.44) wouid be thus missing and, most importantly, the requirement tbat p 
d a a  na change neitber in spacc min time miplies wnstraint 40, = OwtOeh diives the 
fiuid out of the generaiized local eqdi'brRnn. iu such a case the local hydrodynamic 
wntniution TF to the cdn stress tensor ri,-, is the nondisipahe (Le. elastic and time 
reversible) part of the stress. It appem as a consequence of the Poisson kinematics. The 
t m  rb' is meationed in 1161 but it is absent, to the best of our knowledge , in aü th 
models of the rheology-d'ffision cwpling. S i  rb" is quadratic and bjgher ~rder in w, 
its contribution to the stress iq in most situations, smaU. The second and the third terms 
on the right hand side of (4.45) mise due to the presence of the dissipation bracka These 
terms represent dissipation stresses of the standard Navier-Stokes type. The coetficieuts q 
and ~l, are the shear Mscosity and the bulk viscosity coefficients respectively. The fast two 
terms are new. They represent a dissipative contribution to the stress due to the presence 
of the gradient of the relative momentum W. The physical content of this term will becorne 
clearer in the next section. 
Equation (4.40) is a classical diftùsion equation ( a h  d e d  6rst Fick's law). The 
difliiision ûux J is given by 
Equation (4.41) is the constitutive relation for the difftsion flux. We SM see later W 
it indeed reduces in a particular situation to the second Fick Irtw. In its compiete d o n ,  
Eq. (4.41) is a t h e  evolution equation for W. We shall wmpare it to Eq. (4.39). Of 
course, there is an essential dinerence between (4.39) and (4.41). Equation (4-39) is a 
Iod consmation law (Le. the right hand side is a divergence of a tensor so tbat tbe total 
momeanim~dr i(r) is wnmed  ) while Idrr(r) is not conserved. We cm hovuever 
recognke in (4.39) and (4.41) terms having the same physical meaning. The 6rst term on 
the ngbt hand side of (41) represents the simple advectio1~ The SeCoad , third and huth 
temw play the role of - &p in (4.39). We note that the -c pressure is aow 
replaced by two d a r  osmotic pressmes 
thus only a fiinction of pi and W. Siady& is the fiee energy density evaluated at u and 
pl, Le. @, is a M o n  of f i  and w only. The fiAh, sixth and seventh t m s  play a similar 
mle as -ayr2 m (39). The @th tam expresses the change of w due to the rotation 
caused by the vorticity. AU the first eight tenns on the right hand side of (4.41) are 
ndssipative (tirne reversiile). They arise salely fiom the Poisson kinematics. They do 
not involve my unspecifid parameters (except, of course, the fiee energy a). Only the 
remahhg last two t m s  on the right hand side of (4.41) are dissipative. They arise fiom 
the dissipation bracket (4.34). The ninth tem, 
represents the dissipation stress due to the preseace of the gradients of the velocities a, 
and @. (a force created to defimations produced by both the overd and the 
intemal flows). The stress rk imroiving qt, qrY, v and v,, wül be disaissed in more detail in 
Section 4.7. A stress tensor of similar type has been introduced pmiously in [20] in the 
context of diflùion in poipmk fids. Fhally, the last term on the right hand side of 
(4.41) represents a d k t  damion of the refative velocity @, . A tenn of this type is, of 
course, absent in (4.39) since it w d  violate the conservation of the total momentum 
[drr(r). More about the physicaî amtent of the parameters A, q, >1: T$, v, v. 
appearing in the dissipative part of the governing -ans (4.38)-( 4.41) wiü be d e d  
h m  the anaiysis of solutions in the next subsection. 
More discussing solutions of Eqs. (4.38)-(4.41) we recall tbat the Haniihonian 
modeling has been used before [21-61 to study difhsion In Ref[21] w is not treated as an 
iodependent state variable. The new, nonstandard, featwes of the diaision in polymeric 
hids have to be thus brought only in the dissipation bracket. In our study, on the other 
band, the new features arise in the Poisson kinematics that is completely rigorous. We 
sâail see in Section 4.7, in the context of poiymeric thidq that dso the new stresses 
involving qr and v arise in the Poisson kùiematics. in Ref [6] the field w is treated as an 
independent state variable but the Poisson kùiematics used in Ref[6] is an incomplete 
version of the kinematics derived in this paper (in Section 4.4) 
First, we look at solutions of Eqs. (4.38) - (41) for t + 00. We wish to c o ~ e c t  our 
theoretical findings with observations that represent the experimental basis of equihbrium 
thermodynamics (i.e. a system that is lefi without an extenial influence reaches a state, 
called an equiiibriurn state, at which its behavior is weU d e s c n i  by equilibrium 
thermodynamics). We r d  that the main reasan why we introduce Eq. (4.27) is to have 
an equation whose solutions agree with this observation [5-91. Indeed, the âee energy @ 
pIays in (4.27) the role gf the Lyapuuov iùnction and as t tends to m solutions to (4.27) 
approach the minimum of a. Since Eqs. (4.38x4.41) are a mdar reaüzation of Eq. 
(4.27), this property of solutions of (4.27) is shared with the properties of solution of Eqs. 
(4.38)-(4,41)- It is worth to emphasize that this property of the solutions was obtained 
with the î ke  energy Q stiü left undetennined and the parameters h, q, w, q', qi, v, v, 
required to satisfj only the inequaüties below Eq. (4.34). 
Next, we continue to search for the t + oo behavior of solutions but naw we are aot 
only interestcd at the 6nai product of the evohition but also at tbc fimi stage of the 
approach to it. in other wordq we look at the 6naI stage of the approach to equiü'brium. 
We assume t h  w evolves bter than the rest of the state At the Einal stage of 
the approach to equiiiirium we can therefiore consider W û  t = O and also w itself 
vanishes (since 9 - d and thus at e q u i i h h  w = O). From Eq. (4.41) we h s  have (ail 
tenns quadratic and higher order in w and u) 
Together with Eq. (4.47) we obtain 
which is the fint Fick law. We thus conclude that the final stage of the approach to the 
equiiiirium is govemed by Fick di is ioa Furthmore, it follows fiom (4.5 1) that the 
parameter A, introduced originally in the dissipation bracket (4.29), is related to the 
düiÙsion d c i e n t  of the 6rst Fick law. Note if A 1 0 ( that is needed in order that (38)- 
(41) represents a partinilar realization of GENERIC) then the difhsion d c i e n t  M l -  
c))~/A is alw nomegative. On the other hsnd ( 4 3 )  does not imply anythhg about t&e 
dependence on p and c since A is at this point unqw%ed (except the requirement A > 0) 
M o n  of the state variables (4.2). 
The analysis of the t h i  stage of the approach towards equilirium govemed by Eqs. 
(4.38)-(4.41) does not only aliow us to m v e r  the Fick diffiision but also the rheology in 
this stage of the evolution is revealed. Let us assume tbat a, as a M o n  of w, behaves 
as 
for smd w, A is a constant. Introduchg (4.52) hto (4.46), we obtain 
We thus see that inhomogeneities in the concentration create additional stresses that are of 
the second order in the gradient of c. These stresses are elastic and therefore the mixture 
of simple 0uids with large concentration gradients iq fiom the rheological point of view, a 
viscoelastic fluid. 
If aiiuat is not small then Eqs. (4.38X4.41) descni non standard difliision and 
wupled with it rheology. The occurrence of the t h e  derivative of w in the constitutive 
Eq. (4.41) signifies the presence of inertia in the diision. We now ask the foiiowing 
question : when does the nonstandard diision in simple fluids describeci by Eqs. (4.38)- 
(4.41) manifest itself, In most instances, the last tenn on the right band side of (4.41) is 
dominant (Le. the relaxation t h e  +-' of w is very small) and then, as shown above, the 
difision is purely Fickean, in fact, the main reason to have worked out as a first example 
the case of simple fluids is to prepare the setting for complex tluids tbat are discussed in 
the next section. We can however idente a situation at which the nonstandard difhsion 
and associateci with it complex rheology is clearty visible dso in simple thiids. We see 
fiom Eqs. (4.38X4.41) that the nonstandard features of &sion and rheology can 
madiest t h d v e s  in simple fluids that are &on& inhomogeneuus in both tbe 
concentration and the flow. Such situations arise during mhing. We recall that we assume 
that aü fluids considered in this paper are completely miscible. To enhance the formation 
of a homogeneous mixture the diaision is o h  supplemeated by creating cornplex, 
strongiy inbomogeneous flows. It follows indeed h m  Eqs. (4.38X4.41) t&at the &sion 
becomes then nonstandard and the thiid viscoelastic (even if the two components, 
wnsidered separatek, as d as the homogeneous mixhire, are inelastic). 
It is wefiil to put Eqs. (4.38H4.41) into the contact of extended irreversiile 
therdynamics [22, 13, 141. Let us consider the classi~al Fickm dinision and let us tiy 
ta extend it by foUowing the spmt of extended irreversiile thennodynamics. The 6rst step 
is the enlargement of the set of state variables by adopting the d i o n  flux as a new state 
variable. The requirement of the compatîbiity with th-= then teads to the 
equations governing the extended set of &te variables. The main liniitarion of this 
approach stems fiom the limitation in the mathematical fodat ioa  of the c o m p a b i  
with thennodynamics. The mathematical formulation is ümited to equations that are liaear 
in the newly adopted state variable. We can regard thus the GEhRWC approach foliowed 
in tbis paper as a non linear extension of extended irreversible thdynamics  (see also 
Refs. [23,24]). 
Before proceeding to complex fluids we shaU briefly continue tbe discussion of the 
nonstandard diftiision in simple fluids by focusing on the spatial inhomogeneities. We shali 
extend Eqs. (4.38H4.41) to goveming equations of a weakly non-local theory. 
If the spatiai inhomogeneity is relevant then, foliowing Cahn and Hilliard [25], the frae 
en- Q> a sp*iaüy non-~oai ftnction (i.e. of tbe form O = jdrj àrtp(r, rb) 1. 
As a special case, when q(r, f) is strongly peaked at r = f, we can approximate the fidy 
non local fiee energy by one that is still a local M o n  but involves also derivetives with 
respect to r, We herc work out oniy the case when @ coatains an extra term 
where B is a constant. This tenn has also been coasidefed in the Wogy-difIirsicm 
couphg in Ref: [3) in generai, of couse, we should inchide tems invoiving gradients of 
w and II. A remarkable advantage of the G-C fodation is h t  we cm easily 
extend the goveming e~uatians Eqs. (4.38)(4.41) to the wddy non-local case (i-e. wiîb 
the h e  eaetgy iiwalwig the new term (4.54)). What we have to do only is to replace the 
Volterra derivatnfe &B& by a variati~nal Voltena derivative, i.e. 
If @ would involve terms with gradients of w and u then we would correspondingly 
change the derivative and 0, The Poisson kinematics remains the same. There may be 
introduced new terrns in the dissipation bracket but since we let it depend oniy on a, and 
a, we leave it uncbanged. 
After a straighdorward calculation we arrive at Eqs. (4.38x4.41) but the extra stress 
tensor is madifieci as foliows 
where tw 'J.'q is the stress tensor gïven by Eq. (4.45). The new stcond term on the right 
hand side of (4.56) was also found in the Ref. [3]. It is important to note that in our 
anaiysis the extra stress tensor proportionnai to &(c& (c) is already included in T ~ ( ' * ' ~  . 
In other words, in the context of our anaiysiq the elastic extra stress tensor proportiod 
ta (c) arises even if the hie energy does not include the term (4.54). A new tenn is 
also present in the osmotic presswe 
Xi is the orrmotic press~rr givw by (4-48). Bccurs~ of the d i i l ù ~ i o ~ t - h l ~ ~  
coupling, weak nonlocaüty wiil intluence bah rheology end ditnision. Shouid we dow O 
to depend also on iSw, tben aew t m s  would aiso aise in p, R and r and in Eqs. (4.40) 
and (4.41). For example, the diaision flux will no longer be given by (4.47) but rather by 
Glso Eq. (4.41) will contain an extra tenn. Both rheology and dülùsion are thus moditied 
if @ is let to depend on gradients of c and W. 
4.7. Diffusion with inertia in Cornplex Fluids 
In this section, we look for a realization of Eq. (4.27) that corresponds to a binary 
mixture with one component (the 6rst one) king a simple fluid (solvent) and the second 
one being a complex (e.g. pdymeric) fluid. The two components are assumed to be hlly 
miscible. We choose to characterize our system with the date variables (4.6) or (4.9). We 
thus look for two realjzations of Eq. (4.27), one with (4.6) as state variables and one with 
(4.9) as state variables. The Poisson Ionematics in both cases bas beea found in (4.22) and 
(4.24). We pr& now to the determination of the dissipaticm bracket. Foiiowing the 
experience collected in the study of polymenc fluids [26,27j we suggest: 
if the state variables (4.6) are used, and 
if the state miables (4.9) are used. The quantities r, A, K, K, are considered ta be 
phcnomenologicai parameters. h ordm to satisfj' the geaeral requiremcnt (4.28) they all 
have to be positive. They can however also depend on swe variables. If we compare tbe 
dissipation brackets (4.59), (4.60) with the dissipation bracket (4.34) intmduced in the 
watcxt ofsUnpk Buidq we note that we use the same temu to express the dissipation of 
w but we do not use in the context of complex fhiids aay Navia-Stokes-like d i  
dissipation of the mmcntum II. Instead, we let to dissipate dkedy d y  the polymeric 
structure. We SM see tater that this dissipation then indirectiy (i.e. in the process of 
solving the governing equations) brings about the Navier -Stokes-like dissipation obtained 
in Section 5.6. 
Now we have culiected al1 the elements of the GEhrERIC structure (ex- for the 
tiee energy tbat will remah uadetermined) and we cm thus write expücitly the 
carresponding reaiizations of Eq, (4.27). The m e  type ofcalculations as those that led us 
to (4.38)-(4.41) lead us now ta : 
(0) 
if the state Vanables (4.6) are uud. h Eqs. (4.61)-(464) we use the symbot (3 to 
denote the tenns given by Eqs. (4,38)(4.41)- In Eq. (4.62) the scalar hydrodyaamic 
pressure p reads as 
and the extra stress tensor by 
r, = Tg-<: 
where r z  is given by (4.46) and 
a w a  
(0) 
in Ep (4.641, (-a;) stands fm the right band side of (4.41) except for the $si two 
terms. While the solvent osmotic pressure remains the same as in Eq. (4.48), the polymer 
expression contains the contriiution of its interna1 structure 
0,is the fkee energy deasity with u, and p. Accd (the subscnpt s designates the soivent). 
in îhe case of tbe date vatiables (4.9) we end up with the same equations (4.61)- 
(4.64) except that (4.66) is replaced by 
the elastic extra stress tensor r is given by 
and 
The equation goveming the time evolution of the polymeric structure (characterized by the 
conformation teasor m) is now 
The physical interpretation of the aew terms that an'se in the context of complex fluids 
wüi be revded below in the adysis of soiutions of the governiag equations. Hem we 
d y  note tbaî the equations govemiqs the time miution of the polymerie stnictwe (ie. 
Eqs. (4.65) and (4.75)) are a naturai extension of the equations that arise in one- 
wmponent analysis of polymeric ftuids. The ncw in Eq. (4.65) are the third ami fourth 
terms on the right hand side expressing the convection (in both r and R) due to the 
presence of the difision flux. The new tems playing this role in Eq. (4.75) are the fbwth, 
fülh and sixth tenns on the ri& hand side. 
4.7.1. t f d b ' i a i w  HE* (4.61)-( 4-65} 
As in the previous section we first look at solutions h r  t + 00. S i  the govemhg 
equations are particular reaiizatious of GENERiC (Eq. (4.27)) we know again tbat as 
t-w soiutions to (4.61) - (4.65) (or (4.61) - (4.64), (4.75)) approach equilibùum statcs 
that are the States for which the 6ee energy @ is minimum The equilibrium 
thermodynarnics relation irnpiied by Eqs. (4.61X4.65) is specified by @ evahiated at the 
equilibrium state. 
Next, we examine the approach to equiübrium. At this stage we can assume that the 
potymesic stntcture (characterized either by y or m) and w are already almost equiliirated 
so that we can put dyr/ût = O. By negiecting terms that become smali, we obtain 6om Eq. 
(4.65) 
and 
h m  Eq. (4.75). From (4.76) and using (4.68) we have 
SUnilarly, we c m  derive 6om (4.76) and (4.72) 
If we compare the total extra stress teasor (4.67) with the total stress tensat (4.46) 
tbat bas an'= in simple h idq  we m v e r  the classicai Navier-Stokes-likt tenus (now 
however with anisotropic viscosity axiiicienîs) as well as the temis expmshg tbe 
resiesistauce to gradients of îbe diaision velooity @,. 
Now we tm our attention to Eq. (4.64). At the ljnai stage of the approach to 
equiü'brium we put a w/& 0 and obtain Born (4.64) and (4.70) (respectively (4.74)) 
and thus 
a,,= = (owa - 
A 
where (eWm)nr is given by (4.50). ifwe insert (4.81) into (4.63) we obtain 
if the date variables (4.9) are used then we also arrive in this way to (4.81) and (4.82) 
except that A is replaced by A. Equation (4.82) is the diffiision equation found in rnany 
previous studies of difEUsion in polymeric fluids [Il-25,28,35-421. The new contnitions 
that we are bringing in this paper are two-fold : 
(i) The coupling between rbeology and cüfhsion is e x p d  within a systematic and 
cornpiete fiiamework d e d  a GENERK formalism. Equation (4.82) is ody an 
approximate sa- representing the final stage of the approach to equiliibrium, of the 
cornpiete set of equatbns (4-61h(4.65). 
Cti) Besides the .htlueme of the stresses on diffiision (expnssed For instance in Eq. (4.82)) 
we alsa reveal the inmiaice of diiiùsion on stresses e x p d  in Eqs. (4.65), (4.68) or 
(4.79, (4.72). 
43. Conclusion 
The main result of this papa is a fiimily of Eqs. (4.61H4.75) describing difihion and 
rheology in tbe i s o t h d  mixture composeâ of one simple and one cornplex thiids. The 
W y  is parameterized by two types ofquantities : one is the free energy Q and the other 
are the kinetic coefficients enterhg the dissipation bracket (either Eqs.(4.61)-(4.75) 
provide a setting that d e s  previous formulations and e x t d  them to a more detailed 
and wmplete @sis. What are the experimental observations with which we compare 
our theoretiretical formulation? 
First it is the observation that in the absence of e x î d  fixas the mixture reaches 
eveatuaiiy an equilibrium state at which its behavior is f o d  to be weU desaibed by 
equilibrium thermodynamics. This resuit is in&ed implied, as we have seen by Eqs. (4.61)- 
(4.75) for any set of equations in the Moreover, we have seen that the fundamental 
equilibrium thermoâynamics relation implied by Eqs. (4.61H4.75) is the one specified by 
the fiee energy @ evaluated nt the equiiibrium state (a date reached as t + a). We 
emphasize that this thdamental agreement is very mely checked in other approaches. 
The second experimentai observation with which wc have compared Eqs. (4.61)- 
(4.75) is the observation tfiat the cîifkb in the mixture that is not toa far fiom 
equihirium is weU desctibed by eitber Eq. (4.82) or by classicai Fickean &sion 
(consequence of the diision equation of the type Eq. (4.82) bve been extensively 
wmpared with detailed txperimePtal observations in the üteranire). This cornparison we 
make again More spcc@ing the fice energy 4 and the coetncients entering the 
dissipation bracket. 
ûther effects that are predicted by our fonmiiaiion d ' w t  ôy other fbrmulations 
remain in this paper ody quahtive sincc we do mt aobark on the task of speciEling the 
fiee eneigy and the kinetic d c i e u t s  entering dissipaiion brackets. The new predictions 
CO~~CC~LL mninty the iducllct of M ù s i o n  on rbe~rloay. The systdc a d y s i s  prt~cated in 
tbis paper treats both sides of the couplin8  CL^. the inhience of rheology on difision, 
studied extensiveiy in the past, and the in&ience of difision on rheology) on the same 
footing. The new type of the inauence of tbe ditltiision on rheoî08y we see in the term Eq. 
(4.46) that combines with the classical term Eq. (4.68) to give the extra stress tensor 
Eq.(4.67). 
Although the case of two simple fluids is h e d ~ a t e d  maidy for the sake of being 
systernatic it was aevertheless f m d  that diffiision-rheology coupling may be of interest 
even in the context of simpIe fluids. If ib mgrhite is inhomgentous (in composition as 
well as in flow) it is show that the ditiiision iq in general, non-Fickean and the cheology 
becomes cornplex (viscoelastic). We do not h w  about any experimental observations of 
ditIUsion and rheology in strongly inhomogeneous mixtures of two simple fluids that could 
be compared with out qualitative predictions. In the more complicated situation of oae 
simple and one cornplex fluid (e.g. a polymer soiution) we recover the well known 
dithsion equation invoiving the stresses and we have established a new rheological 
equation of state in which the &Eusion flux is involveci, The main contnition to be 
expecied by a GîNERiC analysis is a better wmprebension of the asion-rheology 
coupling. 
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NON-FICKIAN MASS TRANSPORT IN POLYMERS. 1 
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Soumis au journal de rheology (2000). 
When a soivent penetrases a polymeric medium, the medium cooperates. The polymetic 
macromolecules continuously rearrange themselves to accommodate the sohrent 
molecules. The participation of the medium brings inertia into the diffiision process. In 
classid modelq the inertia is expressed in the coupling of the tirne evoiution of the 
solvent concentration to the t h e  evohition of the polymeric structure. in this paper, we 
add dso couphg to the time evohition of the dfision flux. From the physical point of 
view, this extension renders the model more realistic. From the mathematid point of 
view, the extended model becornes simpler (the goveming equations are more numerous 
but they are first order partial differential equations and thus simpler than the goveming 
equations of the classical models). For examplq the o b m e d  shock-wave type 
propagation of the solvent appears to be one of their typical solutions. In this paper, we 
derive the governing equations of the new extended model, investigate how the 
previously introduced models (as e.g. the Fickian model or the classical Case II model) 
atise as its particular cases, and investigate in detail (bath fiorn the analytical and the 
numerical point of view) one simplifieci version of the extended mode1 in which the only 
extra independent state variable is the diision flux (the polymeric structure is thus 
expressed in it indirectly in terms of the difision flux). The goveming equations of tbe 
simplfied model are sirnilar to the goveming equations of the isothermal compressible 
simple fluid. Many properties of solutions as well as numerical methods to calculate them 
in detail are thus immediately available. The calculated and the experimentally obsefved 
(tuken h m  the literaîure) time evowons of the solvent concentration are %und to be in 
agreement. In particular, tbe mode1 predicts the experimentally observed shwk-wave 
type propagation of the solvent a h  in the absence of the glas-mbber transition. 
if a solvent and a dry polymer film come into contact then the solvent starts to 
peneûate the film. Three types of the sotption process have been observed [Alfiey et al- 
(1%6)]: fi) Fickian diision in which the mass of the absorbed solvent neu2 (t denotes 
the time). (fi) Case II diision in which, after an induction time, m, = t , moreover, the 
moving boundary separating the swoiien and the dry polymer is sharp (&y shock 
waves). mi) An anomalous diffision (a combination of (i) and (ii) above). The basic 
physics that is behind the observecl deviations Born the classical Fickian difttsion hm 
been understood for a long tirne. In order for the salvent to enter the polymer, the 
polymer has to rearrange itself The changes in the conformation arising due to these 
teatrangements cmte then internai stresses in the polymer. Consequences of such 
messes (e.g. d o n  of cmes) have indeed been observed [Alfrey et al. (1%6), ïhomas 
et al. (198111. From a qualitative viewpoint vrentas et al. (1975, 197711, the three types 
of the *on proccss mespond, mu@y speaking, to the three types of the relation 
between the characteristic time seale rd of the penetration and the characteristic rime 
scale t,of the changes of the polymer stmcîure. The Fickian diffision occurs when 
r, cc rd, Case II a s i o n  ocairs when T, >> td and the anomalous diasion occurs 
when t, n r,. A more detailed picnire wiU arise later in this paper and in the 
accompanying paper thet we shall refef to as Part II. 
Siice the polyma structure plays such an important role in nonstandard difiùsion 
processes, their theoreîical analysis has to address the tirne evohition of both the solvent 
concentration and the polymer structure. The polymer structure can be taken into account 
in tbe theoretical descriptions either explicitly (Sections 5.3,5.4 and Part iI) or implicitly 
(Sections 5.5.,5.6). 
in the first modcls of Case II difiFtsion [Thomas et al. (1982), Duniiog. et al. (1986), 
Wu et al. (199311 (WC sball d tbem bat classical Caw II modeIs), the polymer structure 
is charactcrized indinctly by the extra sîms tcnsar whose time evolution is assumecl to 
be goncrncd by the quaion arising in the MrixweU rheo1ogica.i madel @hmîng, a al, 
(1986), Wu et al. (199311. To express the changes in the polymer structure tbat may take 
place during the diision process (fôr example glass-rubber transitions, polymer 
mueKing, etc) the parameters entering the MaxweII d e l  are let to depend appropriately 
on the solvent concentration. The âiision is coupled to the equation go-ng the tirne 
evolution of the extra stress tensor by requbing the Fickian difision to be compatible 
with thermodynamics. A weii known consequena of tbis requirement is that the 
diffiision flux is proportional to the gradient of the chernical potential rather than just to 
the gradient of the concentration Sime the chernical potential depends on the 
concentraîion and also on the intenial structure of the polymer (and thus on the extra 
stress tensor that plays in this mode1 the role of the state variable chanrcterizing it), the 
difision flux is proportional to the gradient of both tbe conccatration and the extra stress 
tensor. Classical Case Ii models represent an important progress in the theoretical 
investigation of the nonstandard âiision. In this and the accompanying paper WC follow 
[El Afif et al (1999)J and extend this investigation towatds a more reaiistic rheology and 
a more systematic discussion of Alfiey shocks (including for example those that are not 
accompanieà with the glass-rubber transitions, [Thomas et al. (1978, 1981), Barriere 
(199711) 
Experience collected in rheological modeling shows clearly that a single rheological 
mode1 for al1 polymeric materials and ail sihiasions does not exist. The way the polymeric 
structure is represeated in theorctical analysis depends botb on the polymer itself and on 
the information tbat we want to obtaui h m  the analysis. The best way to see a 
rbeological d e l  is as a family of mutually compatile models brmdated on a 
hierarchy of levels of description Tn Atif et al. (1999)l we bave introduced such 
Fdmily for analyzing the couphg of rheobgy and dfision in solvent-polymer mixtures. 
The polymerk structure is chosen to be charaderized by the coatigwation distriion 
f W o n  or a conformation tensor m(r), where t denotes the position coordinate. The 
individual feahifes of the solvent and tbe poiyma arc atpnssed in the fke energy and in 
the dissipation potential. Thest quanthies parameteripe the models in the fkmily. The 
muhial compatibility is gumnteed by the fact that aii the models in the M y  are 
tealizations of the uniS(ing GENERlC structure [Gnnela et al. (1997), Oettinger et al. 
(1997)J. This then also implies that solutions of th& goveniing equations agree with 
rtsuhs of the experimental observations that mnstitute the ncperirnental basis of 
equilibrium t h d y n a m i c s  (extcfnally unforccd systems are seen to reach states at 
which th& behavior is found to be well desc r i i  by equiübriurn thefmodynamics). 
In this and in the accompanying papa (sec cbapter Ci), we continue to hvestigatc 
predictions implied by the family of models introduced in [El Afif et ai. (1999)]. Besides 
th& compatibility with equilibriwn thermodynamicq we twn our attention also to other 
more detailed properties of solutions to their goveming equations. Fust however, we 
n m w  down our investigation to the sorption (penetration) in the absence of ovedl flow 
and in the overall mechanical equilibrium, The goveming equations derived in [EI Afif et 
al. (199911 d u c c  in these special circumstances to the goveming cquations appcaring in 
Section 5.3. The theoretical formulation arising in Section 5.3 will be callad a (c,w,m) 
mode1 since the polymer concentration c, the difision flux w and the conformation 
tensor m play in it the d e  of independent state variables. in Séctions 5.3-5.6 as well as in 
Part II (chapter 6), we then investigate solutions to the goveming equations of (c,w,m)- 
model. The investigation consists of: (i) a cornparison with implications of der 
theoretical descriptions, (ii) analytical and numerical investigations that include 
investigations of the wave propagation, and (ii) a cornparison with rmfts of 
expcrimental observations. in this paper, we focus our attention on the conhtation with 
other well knowu or new rwluced theoretical descriptions. By a reduced tbeoretical 
description, we mean a mode1 in which some of the state variables (c, w, m) becom~ 
dependent state variables (i-e. they are lost fiom the time evohition equstions but tbey are 
not lost h m  the analysis; they remain in the fonn of formulas expressing them in terms 
of the independent state variables). The analysis lads to: (i) the weil knowa Fickian 
mode1 (Section 5.5), called here a c-mode1 since the only independent state variable in it 
is the solvent concenÉration c, (ii) a model, called a m-mode1 (Section 5,4.1), describing 
the difision of disturbances in the polymer, (üi) a aew mode1 (Sedi011 55), callai 4 
(c,w)-dei, that d e s c n i  in a very simple way the experimedy o b m e d  Case II 
diffiision (Aihy shock waves), Civ) an extension of the classical Case II models (Section 
5.4). The investigation of the new (c,w)-mode1 is then Camed fùrther. Solutions of its 
goveniing equations are studied both anaiytically and numerically. They are then 
compare, with predictions based on the Fickian description and with some experimental 
observations nported in the literature. In Part II, a similar type of analysis is done for 
(c,w,m)-model. 
5.3. Modd Derivation: (c,w,m)-modd 
As in [El Aiif et al. (1999)L the systems that we consider in this paper are composed 
of a solvent (a simple fluid) and a polymer. These two component systems are assumed to 
be kept under a constant temperature. Following the two-fluid point of view [De Gennes 
(1976), Brochard et ai, (1977), Doi (1983)] the solvent and the polymer are regardecl as 
two fluids, each having its own mass density and its own momenhim. In addition, the 
polymer is considered as a complex fluid whose interna1 structure has to be also taken 
into account. States of the solvent are thus chosen to be characterized by @,,us), 
denoting the fields of mass and momentum densities respectively, and States of the 
polymer by @p7up,mp) denoting the fields of mass density, momentum density and the 
conformation tensor resWvely. Consequently, the state variables of the whole system 
are 
application of GENERIC [Grmela et ai. (1997), Oettinger et ai. (199711 has led in [El 
Af f  a al. (1999)J to equations governing the the  evolution of (5-1). These equations arc 
in fact a fiimily of equations p a m n c t d  by îhe Helmholtz h e  energy a, and the 
dissipation patential 'Y. It is in 8 and Y where the individual featurezs of the physical 
systems under consideration are e x p d .  We r d  that chie to tbe fâct that the 
governiag equations are realizations of the mathematicai structure mlected in 
GENERIC, îheb solutiom are guatanteed to agree with the observecl compatibility witb 
thermodynamics (isolated systems are observed to approach dates at which theu 
behavior is seen to be well described by equilibrium thermodynamics). 
The tw+fiuid point of view of d i s i o n  has also been 6Uowed by using other 
formulations of the compatibility with thermodynamics. For example, the formulation 
developed in the Exteaded Irreversible Thermodynamics has been used in [Neogi (1983), 
Jou a al. (1993), Manero et a1 (1999)]. 
In this paper, we nanow down o w  attention to the following speciai situation, We 
regard the polymer and the solvent in the coordinate system in wbich the o v d l  
momentum equals zero, i.e 
ad under overali mechanical equilibrium, i.e. 
w h m  p is ttie scalar pressure, p = -5 + pD, + waQWs + m,@, , 5 is the density of the 
6- eeergy 8 , Le. @=Je a and a(- is the ovenll e m  pbas tearor, 
C d ?  - a& 
% - waaW, -a$'-'; @HP) =- 9 Gmii~ly @wm(rla @qr) 9 --- ; a .  am) "=ahs 
sp,y=l,2,3; and the summation convention is used. Under the consbaint (5.2) the 
goveming equations introduced in [El Afif et al. (199911 become 
We recall that in (5.4) the dissipation potentiaî Y has already been chosen to be a 
quadratic potential involving two pbenomenological parameters A and X. The dissipation 
potential Y possesses the properties required in GENERK provided A and 1 are real 
valued tunctions of the state variables and AM, M. We shall specify them more in 
Section 5.7. Application of the wnstraint (5.3) together with the partial specification of 
the the energy 
and the requirement of the o v d  incompressibility 
This system of the time evolution equations is completai by the formula 
expressing the pdymer exlm stress tensor a in terms of the M e  variables (c, m). 
For sake of simplicity, the superscript @olymer) in Eq.(5.8) will be omitted in the 
following. In order to calculate this extra stress tensor, we thus have to =Ive (5.7) and 
then insert the solution into (5.8). Two comments concerning (5.5) and (5.8) are in order. 
in the partial specification (5.5) of the b energy @, the fitst term represents rhe 
kinetic anergy. The test, i-e. the second term on the right hand side of(S.5), is the part of 
the free energy that is indepermdent of the veldty. By Q we denote its density. In  vie^ 
w1 
of (5.2) and the transformation (5. l), the kinetk enecgy equalr [& 
Spc(1-c) ' 
This then 
implies that the mass flux density pc(1- c)@" (see the fia equation in (5.5)) cohides 
mctly with the relative tnarnentum density W. 
The second comment is a h t  (5.8). The defannations Ui the polymer occurring in 
the diffiision process induce in it internai extra messes. We csa easily verify îbat tbe 
ad the second equations in (5.7) becorne, if transformed into the variables pp=p(l-c), 
- w = -- and m = IR, the standard equatim governing îhe time evoktbion of the mass 
up c 
deasity and the codonuation tensar a of a polymerîc fluid subjected to tbe ûow 4. 
Tbe i m d  extra sires tensor a respnding to & is thus given by tbe standard formula 
We shall cal1 the model represented by (5.7) a (c,w,m>model since the 
independent state variables in it are (c, w, m). The fàmily (5.7) of the time evolution 
equations involves three parameters (mal valued fiuictions of the state variables): cp, 
denoting the density of the part of the fiee energy that is independent of the velocity w, 
and two parameters A and A, that are propartional to the relaxations times of w and m 
respectively. It i s  in these parameters where we express the individual fatures of the 
system under consideration. The three dimensional space with coordinates (9, X, A) will 
be denoted by the symbol p and called a parameter space. We regard (5.7) as a farnily of 
the time evohition equations parameterued by the points in the parameter space p. 
The investigation of solutions to Eqs. (5.7) is organized as follows. First, we identi@ 
regions in the parameter space p in which solutions to (5.7) can be well approximated by 
solutions to simpler (reduced) sets of equations (Sections 5.4-5.6). Solutions of one such 
reduced set of equations, representing a new model called a (c,w)-model, are then studied 
in detail. Solutions of the cornplete set (5.7) of the governing equations of the (c,w,m)- 
model will be studied in detail in Part II (chapter 6) of this series. 
5.4. DiusMn with m-inertir: (c, m>.modeî 
In classical mechanicq the position coordinates of particles evolve in time with 
inertia This is because the position coordinates as well as the velocities of the particles 
play in the time evolution the role of independent state variables whose time evohtion is 
governed by two equations. We can take the same view of the tirne evoiution equatiolls 
(5-7). The ri@ hand side of the ht equation in (5.7), i.e. the "velocity of c ", involves w 
whose tirne evohtion equation involves another quantity m that itself evolves in time. 
We can Say that c in (5.7) evolves with double inertia (since two variables are involveci in 
the velacity of c). Befm investigaîîug (5.7) in its cornpleteness, we shall look at the 
single-in& difnision obcained as approximations of (5.7). In this section, we shall study 
the m-inertia (arising when A is large); and in Section 6, the w-hertia (ariskg when A is 
smali) 
If we are in the region of the parameter space p in which A is large, then w evolveo 
rapidly towards the equilibrium. We recall tbat at equilibrium &=O and thus w = O (see 
(5.5)). This means that if A is large, w evolves rapidly to w = O. We can consider 
therefore the relative momentum w ta be already close to the equilibrium (Le. small) and 
assume Jso that e. Consequently, the second @on in (5.7) is replaced by 
A 
w, + c a,q, = 0,  and equations (5.7) become 
pco - c) 
is the diision d c i e n t  and 
is a secand order teasor that meaznires the relative importance of the el-*c and th# 
mixing parts of the firee energy. Both D and L depend on the solvent concentration c and 
on the polymer structure: cbaracterized by m; tp is introduced in (5.5). These coefficieats 
will be specified fiirther in S d o n  5.7. By cp, we denote the second derivative of q with 
respect to c, similarly, cp, denotes the second derivative of 9 with respect to c and m. 
As we have aliready noted, w is the mass flux of the solvent and (-w/p(l-c)) is the 
vefocity of the polymer. The third equation in (5.9) shows that it is the latter vector with 
which the conformatïian tensor m is advected. We see thus that the polymer intemal 
structure moves in the opposite direction to the solvent leading to an extension of the 
polymer network The right band side of the third equation in (5.9) is a sum of two 
contributions, the reversibie part that tends to swell the polymer, and the irreversible part 
that opposes the swelling. The degree of swelling is therefore detennined, amoug cithers, 
by the cornpetition between these two contributions. 
Equaîions (5.8)-(5.11) are the goveniing equatioas of (çm)-mode1 that we a b  
refer to as an extended Case II model. A similar model has been introduced atm in 
mvrmtzas et al. (1992), Beris et ai. (1994)l. ifwe assume that (5.8) can be solved for 
m (Le. we assume that (5.8) represents a one-to-one relation between a and m), then tbe 
second equation in (5.9) c m  be replaceci by the coicespondmg time evolution for the 
extra stress tensor a. Equations (5.9) written in this form become the goveniing equations 
of classical Case II model provided the fiee energy cp is chosen to be the one representing 
the Maxwell rheological model and the nonlinear terms on the right hand sidc in the third 
@on are ignored. W i i  this choice of cp, relation (5.8) becomes, inâeed, a one-twne 
relation betweea a and m (see more in Part 11, chapter 6). 
What cm we say about solutions to (5.9)? An extensive analytical investigation of 
solutions of a special case of (I.9), namely of the governing equations of the classical 
Case IT d e i ,  bas ban -ed out in [Edwards (1995), Edwards et al. (1995)]. in 
addition, theh numericd solutions bave also ôeen extensively studibd in Eu et al. (1995), 
Wu a al. (199311. We shall make additional comments about soIutions to (5.9) in Part II 
whem we discuss solutions to the complete set (5.7) of the goveming equations. In the 
fouowing section, we shall idente regions in the parameter space p in whieh the set of 
equations (5.9) can be fiirther simplified. 
Distwbmes in the polymer structure (e.g krmation of cmm) are sometimes seen 
to difiùse to d e r  parts of the plymer. Equasiom (5.9) d e s c r i i  aiso this diaision 
pnicess. If L is iargc (we dl that by considering (5.9) uistead of (5.7) we aiready 
assume that A is Iarge) then we can Qeglect the first tenn on the nght hand side of the 
second equation in (5.9) and anive at 
where p, =p(I 4) is the polymer density (see (5.1)) ami E is related to L by (1 -c)E =DL. 
Note that if L is negative then E is negative since D>O . By inserting (S. 14) into the third 
equation in (5.9) we obtain 
The first equation in (5.9), written now as an equation describing the time evohtion of 
the polymer concentration p, becornes 
The extra stress teasor a, expressecl as a f i 1 ~ 0 1 1  of rn, determined by @.13), is then 
given in (5.8)- Equations (5-8), (5-12), (5.13) and (5.14) represent a mode1 of the 
ditriision of distwbances in the polymeric structure. We shall not pursue îhis mode1 in 
this paper any M e r .  
The time evoiution equations (5.9) can be replaced by simpler equations if L is 
either small or large. In the former case, we neglect the second tenn on the right hand 
side of the second equation in (5.9) and end up with the first equation in (5.9) that is 
decoupled h m  the rest of the equations. in the latter case we neglect the first term on the 
right hand side of the second equation in (5.9) and end up with the third equation in (5.9) 
that is decoupled h m  the rest of the eqwtions. In the former case, it is diffusion of the 
solvent and in the latter case, it is diision of the changes in the structure of the polymet. 
Below, we shall discuss dfision without inertia in a more detail. 
We know 6om observations that if the polymer is replaced by a simple fluid or if 
the polyrner is in the rubbery state in which deviations 6om equilibrium relax very 
rapidly, then the penetration of the solvent fbllows the Fick diilhion [Fick (185511. In 
this section, we shall see how and in what region of the parameter space g the equations 
(5.9) reduce to the governing equations of the Fick diffision. We shall also see what new 
information about the Fickian dfision arises if the Fickian diision is regarded in the 
context of (5.9). 
If A is large (this is the assumption that allowed us to reùuce (5.7) to (5.9)) and L is 
mal1 then the second equation in (5.9) reduces to the Fick first law 
wr =-pDarc (5.15) 
bat, if substituted into the 6rst equation in (5.9) ( d e d  aiso a Fick second law), leads to 
describing tbe time evdution of the solvent w n c e u t d o ~ ~  Tbis equation remains still 
coupled to the third equation in (5.9) since the diaision coefficient D depends, in 
general, on m. We shall now step out of the context of (c,w,m)-rnodel(S.9) and regard 
(5.16) as an equation representing a new, more rnacroscopic, level of description on 
which States are describeci only by one scalar fiinction, namely by the solvent 
concentration c. The difision coeficient D(c) (a mil vaiued fiinction of the solvent 
concentration c) is the only quantity in which we express on this level the individual 
features of the fluid under consideration. Its specification will be called a constitutive 
relation on the c-level of description. By viewing (5.16) in the context of (5.7) or (5.9) we 
gain, of course, an additional information. It is an information wncerning the domain of 
validity of (5.16). On the c-level such information can be obtained only by making a 
cornparison of theoreticai predictions witb mhs of experimental observations. 
To make theoretical predictions based on (5.16) means to solve (5.16). A good 
rewiew of properîies of solutions of (5.16) can be found for example in [Crank (1956)J. It 
has been demonstrated tbat while many observeci types of difision can be reproduced by 
choosing appmpriately D(c), Case II and the anomalous difision are not arnong them. 
Less hvestigated are solutions to (5.16) in which the diffiision coefficient D is let to 
depend not only oa c but also on gradients of c. The d i s i o n  equation (5.13) then 
becornes a nonlinear p h a l  differentiial equation involviag the second and higher d e r  
derivatives. We shall not try in this paper to contn'bute to the kmwledge about promes 
of sohrtims of this type .of @m. 
It is important to note that by arrivkg at the digiision (5.16) from (5.7) or 
(5-9) we do not only obtain the difiùsion cquation (5.16) kit we still keep the remaining 
two equations in (5.9) and also the expression (5.8) fôr the extra stress teasor. This then 
means th# we stitt keep in touch witù changts in tbe polymer structure and creation of 
extra stmses that accompany the diffiision process. By inserting the solution of the 
diision equation (5.16) into t h  third equation in (5.9), we obtain an equadioa 
determining m. We can solve it and obtain in this way the polymer structure thst 
accompanies the Fickian diaision, Togeîher with (5.8) we then aiso obtain the associated 
with it extra stress tensor, 
Finally, we recall fiom FI Mfet ai. (1999)] tbat the extra stress tensor datecl 
with the Fickian diûùsion appesrs even in the setting in which the sîate variables 
chanicterizing the intenial structure are completely ignored (Le. on the c-level of 
description). It suffices to let the fiee energy depend also on the gradients of the solvent 
concentration. GENEiüC stnicture then implies that the elastic part of the extra stress 
t e ~ ~ r  W ~ S  ~ ( ~ ) r p ~ ~ ~ ~ ~  . 
5.6. Diffusion with w-inertia: (c, w)-modd 
So far, we have s u d e d  to simplifL (5.7) by assuming that A is large. If A is small 
then we have to conclude t h t  the three equations (5.7) cannot be M e r  simplified. This 
is because in the most cases of practical interest, there is a strong coupling in cp between c 
and m (i.e. L is large) and the polymer structure relaxes relatively slowly (i.e. 5 is not 
large). In Part II, we shalf indeed embarlc on a systematic investigation of solutions to 
(5.7). There is still however one simpler arad physically interesthg set of governing 
equations that cm be recogpkô in (5.7). Our objective in this section is to recopîze it 
and then to anaiyze its soiutioas. 
if A is smail and A large then we keep the second equation in (5.7) unchanged d 
solve approximately the tbird equaîion. This dl give us the equation 
that can be, in principlq salved for m. By insertjng the solution of (5.17) (i.e. m as a 
function of c and w) inîo the second txpation in (5.7) we end up with two equations 
goveming the time evohition of c and W. Note that these equations will involve second 
and higher order derivatives with respect to r- 
Now, we make the same step as we made in Section 5.4.1. We liberate ourselves 
6om the context of (c,w,m)-mode1 (5.7) and ssep up on a more macroscopic level of 
description. in Section 5.4.1 the more macroscopic level was the level on which states are 
characterized only by c. Hem, the more macrosoopic level is the level on which states are 
chosen to be described by c aad W. As we see fiom (5.7), the governing equations on this 
level are: 
where ~ ( c )  is the osmotic pressure d e W  by 
(S. 18) 
A(G) . We rqprd iiow l(c) and c(c) appearing in (5.18) as md va=-, c(+- 
Pc PO -4 
phenomen~l~cai parameters througù which the individual fêatwes of solvent-polymer 
rnixtwes are expressed on the (c,w~lcvd- By using the standard terminology, their 
characterhtion will be called a constitutive relation on (c,w)-level or simply a 
constitutive relation, Equatiom (5.18) togeiher with Eqs.(5.17) and (5.8), allowing to 
calculate the polymer structure and the extra stress tensor fiom solutions of (5.18), 
constitute the governing equations of (c,w)-model. 
We aow p r d  to investigaie sohitions to (5.18). We begin with three usefiil 
observations. F i  we note that the set of equations (5.18) is the set of first order 
dient ia l  equations ofthe type 
AO(u)d,u + Aa(u)a,u = f (u) (520) 
Second, the nondissipative part of (S. 18) (Le. (5.18) in which we put 5=0) is a set of local 
conservation lawq i.e. equations of the fom 
ù,FO(u) + ù,Fy (u) = O (5.21) 
a p  
where the quantities A and F are related by A" =- 
au 
. Third, we observe that if we 
replace in (5.18) the salvent concentration c by the mass density p, the osrnotic pressure 
K by the hydrostatic pressure p, and interpret v as the velocity of a fluid, then the 
noadissipative part of (5.18) becomes exactly the same as the aondissipative part (i.e. tbe 
Euler part) of the governing equatioas representing compressi'ble simple fluids. Thesc 
thme observations will be very usefial in the subsequent investigation of properth of 
soiutions of(5.18). 
From the third observation, we cornhide tbat (5.18) represents a particular realization 
of GENERIC. This is &cause the nondissipaiive part of the goveroing equations of 
compressible simple fluids is h w n  to be a parîicular realization of GENERIC. lndeed, 
we can easily ver@ hy direct caldations tbat (5.18) is a padcular d h i t ï o c ~  of 
Eq.(427) in [See Chapitre 4 ou El Afif et al. (1999)] with the Poisson bracket 
bncket [A,&IdrA&BXa , whece lpor A and B are dcient ly reguiar fiuictionals of 
c and X. An important consequeme of (5.18), king a particular realization of GENERIC, 
is that we automatically know an important property of solutions of (5.18). As t+, 
solutions to (5.18) approach the states that minimize the fiinctional 
Q(c,v)=[dr(**c)). WC recali that dl the time Ndution equations with which WC 
P 
have started our discussion in [El Aîif et al. (f999)] are particular realizations of 
GENERIC. In order to arrive Rom these equations to (5.18), we have used however 
constraints (5.2), (5.3) and (5.6) and the approximations that led us from (5.7) to (5.18). 
The constraints and the approximations do not preserve, in general, GENERK stnictute. 
Now we shall derive some consequences of the first observation. Since many 
experimental observations of the solvent peaetration are made in one dimensional 
settingq we shall also simplie our analysis by limiting ourselves to one spatial 
dimension- The one space coordinate will be denoted by the symbol x. Under this 
limitation, u, 4 f and F in (5.20) and (5.21) become: 
Solutions to (5.20) and (5.21) have been extensively studied (see e.8. [Couraut et al. 
(1942), Muelier et al. (1998)D. Below, we shall briefly recall results wncerning the wave 
propagation aad the formation and propagation of dimntinuities (shock waves). 
In the context of a compressife the propagation of periodic disturbances in the 
mass density p and the gas velocity v are d e d  sound waves. FoUowing the established 
terminology accordhg to which a pressure Eakes in the conta of a s i o n  the name 
osnotic pmssm, we suggest to 4 the propagation of periodic dishubances in the 
solvent concmîmtion c and in tbe diffiision velocity v osmotic waves. Siilarly as the 
sound waves c m  be created by a mechanical vibration of a membrane, the osmotic mes 
can be, in principle, created by periodically changing the solvent penetration of a 
membrane separeting the solvent and the solvent-polymer mixture. Tbe staadard 
discussion of the wave propagation associatesi with (5.19) proceeds as f9llows: We look 
formhitioasof(5.18)intheform u=u,+Gexpi(at+b),where u,=(%, $ is 
the unperhirbed solution of (5.18). By inserting this u into (5.t8) and keeping only the 
terms linear in Ü , we arrive at the dispersion relation k=k(o). 
If k designaîes the complex wave number kk+ik*  then the dispersion reiation is 
1 where we have used r = -(%l . Eg. (5.23) lads then to the foiiowiug expressions 
p ==O* 
for the phase velocity 
and for the intensity attenuation 
hl a(m) = -21ti(m) = - , 
K 
if M ,  then we h d  tbat the phase velacity vc of the osmotic wund waves is: 
For small fiequemies ie. a+ 0, the pbase velocity is v, pl -and the i7 
knom d t s  predicted by the clessical Fick's law. 
Now, we proceed to discuss discontinuous solutions of (5.18). First, we identify the 
two characteristics associated with (5.18). Both characteristics are cuves 
t H (t(t),x(t)) in the (x, tbplane, t denotes a panmeter. The first one, denoted CL, is 
dt dx 
generated by - = 1,- = v - and the second one, denoted Cz, is generated by 
dr dr 
dt dx - = 1, - = v + . We can thus conclude that (5.19) is a time-hyperbolic system of 
dr dt 
equations if lcc>0. Since (5.18) is also a nonlinear system of equations, the characteristics 
depend on (c, v) and can thus intersect. Intersections of characteristics are then an 
indication of a possible formation of a discontinuity in the solution. In order to be able to 
make some conclusions about discontinuous solutions of (5.1 8), we have to know how to 
interpret (5.18) if c(x, t) and v(x, t) b m e  discontinuous. Here cornes into use the form 
(5.21) of (SM), The nondissipative part of (5.18) (Le. the part of (5.18) obtained by 
puîting c4; note that it is the oniy part of (5.18) tbat involves derivatives) represents 
conservation laws for c and cv (since the o v d  mass density p is constant). in the case 
of diswntinuous solutions, WC then naturaliy replace (5.18) by a "discontinuous version 
", also called a wéak version [Chorin et aI. (199û)]: 
where [A]=A,-&, + istbeassignedwpmirkdnlueofthcquadtyAin 
bat of the shock, A, is the vaiue of the qMntity A behmd the discontùniity, and s is 
the velocity of the discontinuity (s- etc.). Equaiions (5.26), called RankineHugoniot 
equation, are two equations for three unkaown qc,, v, . Let soiutions to (5.26) be 
clott=c,.*, v k n = v n ~ ,  s=vW - if we take the cootdhte system that 
moves with the disonitinuity, Le. we iotroduce a nm veloaty v* by v' = v - s , then Eqs. 
(5.26) becorne 
that then imply 
It is interesthg to note that the jwnp in the mass density ofthe solvent, bas also been 
investigateâ, but in the context of ciassical Case 1I d e l ,  in fEdwards (1995), Edwards 
et al, (1995)l. In that context, this jump arises as a consequence of the cho'ke of tbe 
mode1 parameters (i-e, the choice of constitutive relations on (&am)-level). These relations 
are chosen to involve jumps in the dependence on c. From the physical point of view, this 
means that a transition of the glass-rubber type is imposed at the outset of tbe 
investigation The jump in the mass density of the sohrent is calleci in w s  (1995), 
Edwards et al (199511 a 'pbase change' parameter. We see in (5.26) thai, in the oontext 
of (c,w)-model, we do not need to impose the glass-&ber transition in constitutive 
relations to see a jump in the mass densi i  of the solvent in solutions of the goveniing 
equations. Moreuver, we relate the jump in the mass density to the jump in the diffiision 
flux, p[c]=- IW1. ûfco- the giwmbûer û a a s i t i ~ ~  can do0 be investigatai in the 
S 
context of (c,w)-model. Bccause of the analogy between (5.18) and the gover- 
equations of classical hydrodynamics of compressible simple fluids, such investigation 
will be analogid to investigations of the wave propagation and formation of 
discontinuities in van der Waals fluids undergoing gas-liquid phase transitions [ Slemrod 
(1983)l. 
The similarity of the governing equations (5.19) of (c,w>model and the goveming 
equations of compressible simple fluids suggests also the following tenninology. We 
introduce a dimensionless parameter 
that we shall cal1 a diffusion Mach nurnber. The diffiision will be called superssrnotic if 
&>1, suhsmotic if &cl, and osmotic if -1. 
Before leaving the discussion of discontinuous solutions of (5.18), a word of 
caution is in order. We d l  that Eqs. (5.7) as weU as Eqs.(5.18) have been derived 
under the assumption of constant temperature. It is well known that the propagation of 
shock waves in compressible simple fluids involves local nonisothed processesOceSSeS It is 
possible that a stronger coupling between the large scale motion of the macromolecules 
(taken into account in the conformation tensor m) and the small s d e  motion of a t m  
composing the macromolecules (taken into account in the temperature) developq in the 
location of discontinuities, dm during Case II diffiision. To the best of our bwledge, 
such coupling bas not been however observed- On the contrary, two obséfvatioaq namely 
the f ict that on both sides of the siagulady the poiymer remains in glassy state aad 
another fàct that there is no change in temperature More and der the petration, 
indicate clearly thaî nonisothd effécts do nd play an important role in Case II 
dEbsion. 
Ifwe want to obtain a more detailed information about solutions to (5.18), we have 
to tuni to numerical solutions. We shall rewrite (5.18) into the fom: 
where D ( c ) = ~  is the diffision coefficient. For the later use we shall inboduce 
pS 
&:=D(O). As in the analysis of the osmotic wave propagation, we will Iimit ourselves to 
the one dimensional diffusion. The one-diensional description is pdcuIarly 
appropriate for investigating penetration of small molecules into thin polymeric 
maîerials. The system under consideration is a system consisting of a solvent composai 
of small molecules and a thii film of glassy polymer of thickaess 2Lo. The polymer is 
initially dry, so that the state variables (c, w) initially equai to zero within the whole 
polymer film excluding the boundaries. At the both polymer-salvent interfaces, the 
concentration attains an equilibrium concentdon h. This vahie is reached more or less 
rapidly depending on the value of the relaxati*on the  (a e). Tbe evolutioa of the d i e  
concentration will be investigated in Part II of this series of papers. In this paper, we 
focus our attention on the stage in which the intnf8ce conmiration has already reacbed 
its equilibrium value +. OR the same footing, vue assume that the penetraaion velociîy of 
tbe solvent into the poiymer hm initially a pres&bed value vi. in order m transfOrrn 
(5.30) hto the dimensioaless km, we introduce the kIlowing quantities: 
where &:=D(O). The goveming equations (5.30) became 
These equationr involve two functions De and 6 of C. The fmt one, WC), d l e d  a w- 
Deborab number, is defined by 
the inverse of the relaxation time. The second is the 
WC dimmsionless &ion coefficient R C ) = ~ . ,  wherr h=D(O). II is in tbac ninctions 
Do 
where the individual features of the system d e r  considention are expressed in the 
goveniiog equations (5.32) of the (c,w)-lllddel. In order ta cdaue, we have to specify 
these finctions. In othm words, we have to now s p i @  the constitutive relations on the 
(c,w)-level. In the conteib of (c,w,m).model, that we shall discuss in d d  in Part II, the 
pamnetea through which the individual féaaires are e x p r a d  have clmer physid 
meaning (eg. aae of thE parameier is tbe h e  energy) so that it is easier to use our 
physicai insight to specifij tlaem, In the context of (c,w)-modei, the specification bas to km 
completely pheaomcnological. We d that in (c,w~modeI as weM as in the c-mode1 
(see Section 5.5.1) whete the state variable m characterizing the polymer structure is 
absent, it is in the phenomenological dependence on the solvent concedon  of the 
parameters entering the models where we express implicitly the cbanges of tbe polyrner 
structure accompanying the diflbsion. FoUowing [Thomas et al. (1982), Fu et al. (I993), 
Wu et ai. (199311, we shall assume that both the diffusion coefficient D and incrase 
exponentially with the solvent conantntion, i.e. 
where k and r are considered to be materiai constants. Using the difision Mach number 
Z 
Mdcn;~ at the initial state and the fact that K,, = &.,Do we obtain 
This represent a one-to-one relation between two diinsioaal numberq De and Maa, 
We shaü use ofkm M& instead of De. Assuming that the fiont velocity for Case II 
difision is approximately of the same order as DdL, (since the velocity is constant 
duri~g the whoie process of Case II diffiision), the relation (5.35) can be simplifieà We 
arrive at a simple expression 
It is Malrotbat has to be approptiately chosen to recover the diffaent types of &sion. 
Now, we tum ow attention to the initiai and boundary conditions. We Ml specify 
them as foilows: 
From (5.32) and thc third equation in (5.37), we deduce that the decay of the velocity at 
the interface is governeci by 
This equation can be solved either analytically or numerically provided the initial 
condition for the interface is known. If we wnsider the fourth equation in (5.37) to be 
such initial condition, the anaiytical solution of (5.38) is: 
Everything bas been now specified and we c m  thus proceed to numerid solutions 
of (5.32). We begin to illustrate implications of (c,w)-mode1 on the example in which the 
polymer does not undergo the glass-mbber transition. For example, we have in mind the 
observations, reporied in [Thomas et ai. (1978, 1981), Barriere (199711, of d i s i o n  in 
giassy polymers cbaractetized by a very large glass temperature relative to the 
temperature at which the observations are made- In that case, the phenomeao1ogical 
parameters D and De can be regarded as constants independent of the concentration. We 
thus put )r=O, r=O in (5.34). Note tbat even uader this assumption, the sohmit bnt 
veloc'i and the mass flux equations mnain stii i higbiy nonlinear equations. The 
parameters useâ in the calcuIations are those mespoading to tbe metbanol-poly(methyl 
methacrylate) near room temperature (see Table 5.1). 
The solvent conoentraton profiies for =7 (the Iines drawn in dots) and for 
&,pl00 (the continuous lines), are sbown in Figure 5.1. The proûies are sharp; 
moreover, one notices the absence of the concentration gradients behind the moving front 
particularly for &,0=100. This is in conformity with the familiar experimental 
observations reported for Case-II d i i o n .  Similady, the velocity profiles are almost 
steplike for e 0 = 7  and are sharper for &0=100 (Figure 5.2). The normalized mas& 
uptake (Figure 5.3) curves are premted for &O=& 3,5, 7,9,15,20 and 50. For -0 
greater than 5, the mass uptake follows a linear kinetics. For &0=7, the total time for a 
complete penetration is closer to the value reported in [Thomas et al. (1978)l. However, 
the* is no induction t h e  at smd d i s i o n  times. This is probably due to the fact that we 
stnrted the simulation assuming that the U i t h  reaches instantaneously its equilibrium 
value. In Part LI, in the context of (c,w,m)-model, we predict the induction time. 
In Figures 5.4, 5.5 and 5.6, we present the profiles of the solvent concentration, 
velocity, and the mass-uptake -vely that are typical of thicker polymer films 
showing a deviation fiom Case II difision. This bas been observeci for methand-PPMA 
if the thickness of the film is inmead three times phornas et al. (197811. It becomes 
clear fiom Eq.(5.35), t h t  the Deborah number has ta be decregsed by 9. The parameters 
involved in the mode1 are chosen to be: &,O 4, k = O, r = S. We have remarked that 
the stroager is the dependence of the relaxation tüne on the concentration, i.e. the larger 
is r, the more pronowiced are the gradients of concentration behind the fioa and also the 
values of the induction the. WC h s  sec that the constitutive equations idluence 
significantly the shape of the computeâ profiies. They must be chosen therefore very 
arehlly to fit as accurately as possibk the muutd dur ûur calculations show tbat the 
velocity potiles and stresses tensor becorne more sensitively dependent on the 
constihrtive relations than in the case w k r e  D and De are chosen to be constants. Tbe 
most sensitive dependence appears in particuiar in the neighborhood of the h n t  w b  
the matetid is separated into two ciiffient Mons, rubbecy and glassy, tha have 
diierent mechanical responses. 
To recover the classical Fickean description, the w-Deborah nwnber must be very 
smdi (this means that the reaction of the polymcric citains to difision is instantancous). 
We simulate this case by choosing %O 4.001, k = O and r = O. The profiles calculated 
with these constitutive relation (tbat represent dassical Fickean medium in (c,w)-mode1) 
are shown in Figures 5.7, 5.8 and 5.9. It is worth to mention that, following the 
introduced terminology, Fickian difision can be regarded simply as a sub-osmotic 
difision, while Case II diffusion is a super-osmotic diffision. 
Swnming up, (c,w)-mode1 developed in this section is both relatively simple fiam the 
mathematical point of Wew and relatively faithfiil to the physics of Case II difision. Its 
mathematical simplicity is manifestai by the similarity of its governing equations with 
the governîng equations of compressible simple fluids. Ail mathematical results 
developed for these well studied equations can be now used in the context of the 
nonstandard diffision. The f~thfiilness of (c,w)-mode1 to the reality is manüested by 
dispiaying, in solutions of its goveming equations, d l  the most important features of the 
observed Case II dasion even in the case where no giass-rubber transition accompanies 
the diffision. We have also shown that soiutions of the goveniing equations of the (c,w)- 
model represent Case I difision (the Fickian dülùsion) for small w- Deborah numbers 
De. The disadvantage of (c,w)-modet is its pbeaomenological nature in the sense tbat the 
model does not involve explicitly, as an independent state variable, the polymeric 
stnicture and consequently it needs to be supplemented by phenomenologicaî constitutive 
relations (specincation of the ditlciision coefficient and of the relaxation tirne as tiinctions 
of the solveat concentration). We emphasize tbt the polymeric structure as weii as tbe 
extra stress tensor remain still in the mode1 as dependent state variables. Equatiom (5.8) 
and (5.17) are formulas expressing the COflfonnaticm teasor and the extra stress tensor in 
terms of solutions of (5.18)- Ia Part ïï of this series of papers WC sbail rcturn to (c,w,mb 
mode1 repmented by Eqs.(5.7), We stiall demanstrate that d e  Eqs.(5.7) are 
coasiderably more flexiile and easier to apply to specific situations than Eqs. (S.l8), they 
are not m c h  more difllcult to solve than Eqs.(518). 
5.7. Conciusion 
Tibk 5.1: parameters, typical of rnetharmol-PMMA, used fbr the case II simulation 
The main result of this paper is ttie set of the goveming equations (Eqs.(5.7)) of 
a new mode1 of isothermal difiùsion of a solvent into a polymer under the condition of 
the overall mechanicd equilibrium. We cal1 the mode1 a (c,w,m)-mode1 since the solvent 
concentration c, the &sion flux w, and the confl,rma!ion tensor m play in it the role of 
independent state variables. After deriving the modeI, we have cornpared it with other 
models of ciassical and non-crPssicai diflhsion. In Part Li of this series we then ibrîhcr 
investigate soiutions to (5.7) and compare tbem with results of experirnentd observations 
reporîed in îhe literature. 
The information that we have dected  about solutions to (5.7) in this paper can be 
summarized as follows. F i  we have noted that (5-7) is a system of ht d e r  
dincrential equations. This tbcn means thut the large body of rcsults obîained fbr these 
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(O, O) no phase transition 
equatians can be inunediately wed in the c o n t a  of d i is ion  Second, we have sbwn 
that by choosing appropriately the parameters entering (5.7) we arrive at simpler models 
in which some of the state variables becorne dependent date variables. For example, 
wben we derive fiom (5.7) the classical Fickiaa difIiision equation, i.e. a tbeoretical 
d-ption of diffiision in whicb the only independent m e  variable is the salvent 
concentration c), we also derive formulas expressing w, m, and a, that become dependent 
state variables, in terms of c. Beside the Fickian madel, we bave identified among the 
models that aise as approximations of (c,w,m)-mode1 alsa the classical as well as the 
extendecl wavrantzas et al. (1992), Beris et al. (1994)l Case II modelq and, in addition, 
one new mode. We cal1 the new made1 a (c,w)-mode1 sincc the solvent concentration c 
and the diasion flux w play in it the role of independent state variables. For the 
remaining variables, namely m and the extra stress tensor a, the derivation provides 
formulas allowing to calculate them in terms of c and W. 
(c,w)-rnodel and the classical Fickian model have many common featwes and they 
are also complementary. What they have in common is that they are both relatively very 
simple h m  the mathematical point of view, they are both phenomenological, and tbey 
have both a limited domain of applicability. They are complementary since their domains 
of applicability are complementary. By the mathematical simplicity, we mean that 
mathematical aspects of thek goveming equations bave been extensively investigated and 
a lot is knom about theu solutions. This iq of course, true for the classical d i e ion  
equation, but it is also m e  for the goveming equations of (c,w)-mode1 since its goveming 
equations are very similar to the goveniing equations of compressible simple fluids. This 
similarity aüowed us, for exampie, to adapt the well kmwn analysis of the pmpagati*on of 
discontinuities in simple compressible fluids to the propagation of discontinuities in 
difRsion. A model is said to be phenomemlogical if it requircq as a part of its input, a 
specincation of the parameters entering it as phenornenologid tiinctions of the 
independent state variables- in tbe ciassicai dülùsion equation, it is the specification of 
the dübsion coefficient as a hction of the solvent coM.Rntration c. in (c,w)model it is 
the specifidon of two parameters (the difltiision d c i e n t  and the relaxation tirne of 
w) as a tiinction of the solvent concentratioa Of course, accordhg to tbis definition, al1 
macroscopic models are phenomeaological. However, the more microscopie is the mode1 
(for example, (c,w,m)-del is more d m W c  than (c,w)-model) the easier it is to see 
the physics in the parameters entering it and coll~eqllently the less phenornenologid is 
their specification. The -domains of applicability of tbe Fickian diision and (c,w)-mode1 
are centered in the classical Case 1 diision and Case II diffûsion respectively. We have 
shown that (c,w)model repfoduces su~cesstiilly a wide range of experimentd data that 
include for instance Case II difision obserred in glassy polymers that do or do not 
undergo the glass-nibber transition. 
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The new mode1 of isothenaal diffiision in a polymeric medium in the absence af an 
overall flow and in mechanical equihirium, that was htmduceâ in Part i, is investigated 
in its mtkety. Fust, we derive its implication for the wave propagation of disturbances in 
the solvent concentration. Next, we sp&@ the fiec energy appeating in the g e n d  
governing equations (we choose the fiee energies mmponding to the Maxwell and the 
FENEP rheological madels) and then solve the goveraing equations. In spite of the fact 
that the number of equations is larger than in classical models, we demonstrate that it is 
easier to find (both analyîically and numerically) properties of their solutions. By solving 
the goverring equations, we obtain the time evohtion of the solvent concentration, the 
difision flux, the swelling, the i n t d  deformations and stresses, and the internai 
viswsity associated with the solvent penetraîion and the swelling. The goveming 
equations involve three panmeters: relaxation time of îhe polymeric structure, relaxation 
time of the difFusion flux, and one parameter expressing the coupling of the polymeric 
structure and tbe solvent concentration in the fhe energy. As an illustration, we show that 
with an appropriate choice of these thme patameters we reproduce results of several 
observations tbat we have selected h m  the literahue W. L. Thomas and A H. Wiadle, 
Polymer, 19,255 (197811- In particular, we reptoduee the observed Case II type diftiision 
in the absence of the glass-mbber t-tion 
Our aim is to study the process of difIiision of a solvent into a dry polymer an 
macroscopic and mesoscopic levels of description. The goveniing equations are derived 
in two stages. In the f h t  stage, the focus is put on the comparison of their solutions with 
the observed compatibility with equilibrium thermodynamics (externaily udorced 
systems are seen to approach equilibrium states at which their bebavior is found to be 
well descn'bed by equilibrium thennodynarnics). The requirement of the agreement with 
this type of observations leads to an overall structure of the goveming equations. The 
structure is then filleà out, or in other words, particular reaüzations of the structure is 
searched, in the second stage. The microscopie mode1 of diaision that is used to guide 
the second stage is the following, The system under consideration is composed of two 
types of molecules: relatively small solvent molecules and larger and more complex 
polymer molecules. Initially, the solvent anà the medium are separateû, tbe dis ion  
begins when the separation is removed. In the absence of extemai forces, the molecules 
of the solvent experience the thermal motion. It is this type of motion that carries them 
into the medium. How does the medium react to th& presence? Let us consider three 
possibilities. First, the medium is accepting them passively or, if some reanengements in 
the medium are needed, they take place very capidly so that the solvent molecules do not 
even notice them. On tbe macroscopic levei, this diffisioo pniass  pnsents itself as the 
so calld classical Fickian diffusion (also called a Case 1 diffusion). The second 
possibility is tbat in order to accommodate tbe salvent, the medium bas to be 
continuousty rearranged. S i e  the medium is a gîobal network of tigbtiy nit patymerr 
moldes, the tearrangements have to be giobai in Mi nahire and as such they are 
slow. The molecules entering the medium have to in W. waît fm the appropriate 
rearraagements to take place- On the mamscopic levei, tbis difîùsion process presents 
itself as the so calleci Case II difibsion [Alw et al. (1966), Thomas et al. (1978)l. The 
third type of i n t d o n  of tbe solvent and the medium is a combination of the ûrst two. 
The resuhing macroscopic m n  process is then called an anomalous diaision. 
The mrtcroscopic description of Case 1 diffiision is weil known. The ody 
independent state variable is the field of the solvent concentration c(r,t), r denotes the 
position vector, t is the. time. The tirne evolution of c(r,t) is governed by the classicai 
diffiision equation. The individual foatures of the system under consideration are 
expresseci in this equation ody in one garanieter, namely in the diffiision coefficient D. 
Specification of D as a tiinction of c d l  be cailed a constitutive relation on the level of 
the Fickian theory. 
The macroscopic d-pion of Case II diffùsion iq of course, more complex. This 
is because the searrangements that take place in the medium during the diffision process 
are expected to depend very sensibly on the specific nature of the polymeric medium, 
The aim of this series of two papers is to inttoduce a macroscopic description of diffision 
(including Case 1, Case II and anomalous difision processes) that is both realistic and 
simple fiom the mathematical point of view. A model with these attributes has been 
derivai in Part 1 (ii gaveming equations are Eqs. (5.7)) where it bas also been shown 
that many theoreticai descriptions of diffisioa iatroduced previously (for example 
classical Case II models mm85 et al. (1982), Duming et al. (I986), Wu et al. (1993)l) 
are its approximations. in t&is Part II of the series, we continue to discuss solutions of the 
governing equations of the aew model (Eqs.(5.7)). We sball also compare them with 
somc experimental obsqwtions reportecl in the iiterature. 
From the resuhs of Put 1, we r e d  how docs the new mode[ impcove the classical 
Case ïi models [.homas et al (1982), huning et al. (1986), Wu et al (1!?93)] in which 
the medium is repnsented by the field of the extra stnss teasor s(r,t). The classical 
models have the fbiiowing d i s a d m a  0 Their governing equations are rather 
complex fiom the niathematical point of view. This is mainly becauje they do not tiiU 
into any of the tmditionally weli studied classes of partial differenîjal equations. 
Ahhough some iateresting resuhs of the matbernatical nahite fôr tbe govanhg equations 
of the classicd Case II models have receatiy appeared [Edwards et al. (1995)J, the resuhs 
are still much less powerfUI and less camplete than the results known for the standard 
classes of the partial differential e~uations [Goâlewski et al. (1991), Smoller (1983)l. Ci) 
Rheology of the medium into which the solvent penetrates is oversimplified. This 
disadmtage is however removed in extended Case II models that have been introdud 
in wavrantzas et al. ( lm) ,  Beris et al. (199411 and tbat also arise in Part 1 as 
approximations of the new model. (iii) The classical as well as the extended Case II 
ntodels do not seem to predict shock wave-type propagation of the solvent observed 
experimentally [Alfiey et al. (1%6), Thomas et al. (1978), Barriere (1997)J in a medium 
that does not -ence during the diffusion process the glass-mbber transition. The new 
rnodel (we cal1 it a (c,w,m)-mode1 since the independent state variables in it are the field 
of the solvent concentration c(r,t), the field of the diflùsion flux w(r,t), and the field of 
the conformation tensor m(r,t)) is simpler 6om the mathematical point of view (its 
goveming equations fdl into a class of well studied partial dfierentiai equations), it is 
very flexible in expressing rheology of the medium, and it does predict the finnation of 
discontinuities in both the presence and the absence of glass-mbber transitions. 
This Part II of the series is organized as follows. We begh (Section 6.3) by a bief 
discussion of the propagation of waves predicted by Eq~(5.7). In Section 6.4, we 
transfonn Eq~~(5.7) into a new form that is suitable for f û r t k  analytical and numerical 
study of its solutions. In parti~lar, we pass to materiai coordinates in orderto be able to 
caiculatc the swelliig of the polymeric medium. In Section 6.5, we commit ourselns, for 
the first time, to a specific fiee energy- For the sake of simplicity, we choose ody two 
û-ee ewes: the Uaxwell ftee cnergy (the polymer molecules of the medium are seen as 
Hookem dumbbells) and the FENEP fke energy (the polymer molecules of tbc muiiwn 
are seen as finitely extensible Hookcan dumbbells). Both jÎee energies are appropriately 
modifieâ to take into account the swelling, Fially, in Section 6.6, we prcseat mimerical 
soiutions and compare them with results of some experimental observations reported in 
the literanire [.ornas et al. (1978)l. 
ûur starting poht arc Eqs.(S.7) daiveci in Part 1. Tbese equations dedbe the 
time evohtion of (c, w, m). In Part I, we bave tried to simplis, h m  More discussing 
their solutions. In tbis papa, we shaH solve them directly. Our aim is to demonstrate that 
(5.7) represents a suiglt d e 1  that is bath relatively simple and faithtlll to tbe reality. 
We begia our discussion of solutions of (5.7) by nohg that this system of equations cari 
be cast into the h 
A' (u)~,u + A= (u)~.u = f (u) (6.1) 
If we restrict ourselves to one dimension (the one space çoordinate is denoted by the 
is independent of v ( see (5.9, p is the overd mass densiîy ( assumeci to be a constant), 
pknomenologicai parameters introduced in (5.7) (A is directly relateci to the inverse of 
the relaxation time of îbe diilhion flux w, X is direcîly related to the reiaxation time of 
the conformation tensor m) . 
The t h  cbaracteristics CI, CZ, Cs c6mspondhg to (6.Q (6.2) are airva 
dt dx C u .  Ht(tkr(~)) ai (qt) phne, t is a peramaer, Ci is gencrated by ~ l , ~ - ~ ,  
of différentia1 equatiws if %*Al. 
1-c 
The standard analysis (feealled in Part 9 of tbe linem osmatic wave propagation 
(linearized abwc U ~ = ( ~ O J ~ ~ ~  ) kads îo the foUowing dispersion relation 
we arrive at the folIowing expression for the phase velocity 
The attenuation a d&ed by a@= -2 h(k)= -2k, (a) is given by 
In the limit a-m, the pbase velocity vfi and the attenuafion a becorne 
For smdl 6equencies M, the funetion H bsonisll H(<D)= - & -GjixJ. 
Coll~equently, the phase velocity and the atteauation are given by 
We see clearly thst the results about the osmotic wave propggation obtained above reduce 
(by putthg *=O and ct0) to the resuits obtained in Part i for (c,w)model (see 
Eqs.(5.24)-(5.26)). 
Next, we tkauld lib ta Say somethiag about possible discontinuous solutions to 
(5-1),(52). We note tbat Eqs.(6.1),(6.2) do not repeseat a set of local conservation laws 
(they cannot be cast into the f m  (522)). This then means tbaS we canoat invesiQate 
their possible discontinnnis soiutions by using tbe standard metbods [SmoUer (1983), 
Chorin et al. (1990), Godlewski et al. (I991), Daférmos (2ûûû)] that we used in Part 1 in 
the context of (c,w)-model. At this point, we can say only that Eqa(6.l) and (6.2) ace 
nonlinear timehyperbolic partiai diffmntial e~uetions, th& charactenenstics C1,C&3 can 
thus intersest, and conseguealy, discoatùuiities in th& soiuiions can develop. NwieOcal 
solutions discussed in Section 6.6 will providc tllrther information. 
The rearrangements in the polymer film that are needed to accommodate the 
solvent cause the film to defonn. This defbrmation, cdled a swelling, is oîlen associatecl 
with a change of the volume of the film and thw also wiih a change of its bomdaries. 
This then makes it difficult to firmulate appnipriately the ôoundary conditions. To 
overcorne this difticuîty, we shall follow [Wu et al. (1993)j and reformulate the 
goveming equations of the difhioa in the material ( a h  called Lagrangian) coordinates. 
The matetid coordinates will be denoted by the symbol Y. We recall that the spatial ( a h  
called Eulerian) coordinates are denoted in this paper by r. By applying the one-twme 
transformation -Y to Eq. (5.7) we &tain 
(see (5.33))is the relaxation tirne of W. 
How sball we h d  the deformation tensor F ? We see three routes lead'ig to its 
specification. 
dr w 
(i) By definition of the Lagrangian coordinates, r w )  is a solution of - = -- 
dt p(l -c) 
with the initial condition r(0) =Y. We c m  thus transform (6.9) into a system of partial 
differential equations (second order in time) for r (Y,t), c (Y,t) and m (Y,t). We shall not 
fillow this route since the resulting equations are very complex and very difncult to 
solve. Moreavw, by solving them, we would obtaia more information tban we need. We 
do not need to h w  the trajectories r (Y, t) of al1 material points, we need only the local 
information about such trajectorks expressed .in the defarmaton teasor F. 
(ii) From F we cm construct the Finger tensor FF' and adopt it as a ww independent 
state variable. Equations (6.9) have ta be thus extended into the system of four e~uatioas 
govsniag the time evolution of c, w, m, and FFT. This is indeed the clearest route to 
follow. We shall not follow iî however here because we do aot want to iacrease the 
complexity of (6.9). Rather, we shall follow the third route that is more 
phenomenological but by foilowing it we are not increasing the mathematical complexity 
of the governing equations. 
(iii) So far, we have not committed ourselves to a specific interpretation of the 
confornation teasor m. The cornmitment will be made in Section 6.5 where we sball 
spec* the î?ee energy density cp. We shd interpret m and speciQ Q in such a way that 
m wiU berne dirrnly related to the Finger te~sor FFT. For the test of ibis section, wc 
shalt consider F-l appeating in (6.9) as a known fùnction ofm and c. 
We end this &on by reformulating (6.9) into a dimdonless f o m  We begin by 
m l y  specifying the fke enefgy density cp. We recall that we have statted our analysis 
of diffusion in [El Atif et al. (1999)] with a completely undetermineci Helmholtz fiee 
energy a. The nrst step in its specüication is Eq. (5.5) denved in Part 1 where we have 
wriîtcn (O as a sum of the part tbat depcnds on w (the kuietic energy part) d the rest, 
that we have deuoted jc&~(c,m), that is independent of W. At tbis point it is tbus cp that 
remains unspccified It is clear that its complete speeification requhs a CO mmitmeat to 
the physicai inteqmtatim of the d d o n  tensor m. This, we shaii do in Section 6.5. 
Here, we shall m a .  d y  a @al specification thaâ does not mqrÙre yet îhe fiill 
coinmitment. If we ignore the concentration fluctuations and non-locd effects, the 
density Q of tbe pert of the fiee energy that is independent of w may be expressed as a 
sum of two contriions 
where qdx is îhe k i n g  energy th t  rnay be approximued hm by the well kmwn Ftory- 
Huggins Plory (195311 expression 
w b  R is the gas constant; T is the thermodynamic temperature, x is the interaction 
paremeter, b is the chah monomer amber, is the solvent molar vohq 9 its volume 
&action 
b=ac (6.13) 
a -+ri; ys is the sotvent mathai deasity (assumeâ to be constant), p is the o v d l  density 
(ah assumed to be a oanstam). In the hiiowing, we will assume that b is large enou& 
so that the terms iwolviag l/b will be i g d .  The second tenn Q& on the ri@ hand 
side of (6.1 1) stands fôr the c o n t r i i  of the poîymer to the elastic Helmholtz fkee 
energy,wesballwrittitas 
where Go is the modulus of elasticity i.e., Go = d E T ,  n, is the "elasticity density" d the 
dry polymer, @erh et al. (1994)]; ke is the BohPnaan constant and T is the 
themodynamic temperature (assumed to be a constant)- By fi we denote the 
m 
dimehsionles conformation tensor 6 = - , where z is nomalization constant h t  d l  
m i 0  
be specified in Section 6.5 and m,, = k~ T/H, where H is a cbaracteristic elastic constant. 
The quantity h(+$) infroduced in (6.14) remains at this point still unspecified. We shall 
specüj it in Section 6.6. 
Now, we proceed to the dimensionles formulation. We introduce the dimensionless 
space coordinate, time, c, w, and m as follows: 
L, is a characteristic length sale in the material coordinates. td is the characiaistic the 
of diffusion a tbe initiai state (q = '*;h ; D(c,i) is the difbsion cm@ïoiaii defineci in 
(6.18) below; D,:=D(C,Ûihl,,, ). We use .sd to scale the timc. The goyemiflg 
equations (6.9) becorne 
w b m  ~1 is the equilibrhm coaoentration at the sdvenî-poiymer intshce. This 
equilibriurn concentration is obtained by salving Qe = O and assuming the chernical 
equilibnum between îhe pwe solvent d tbe solvent-polymer mixture. Sime the 
chernical potential of the salvent is 
we anive at the following expression for the mutual diasion coefficient 
where 
and 
is a dimensionless parameter that measures the relative importance of the mixing and the 
elastic fiee energies. It also indicates the extent of the swellirig. For large values of K., the 
elastic part of the free enngy dominates the mixing contribution and consequentîy the 
polyrner swelling is relatively small, On the mntrary, small values of K correspond to 
large swelling since the mWng energy dominates the elastic recovery of the polymer 
chains. For methanol-PMMA glassy mixture (see Table 6.1), K47.06 which means that 
the poiymers swells less. The m t i ~  KDe! also indicates the importance of the coupliag 
between the diîhsion and the Uiternal s&uc&ure evoiution equations. 
In addition to K, the time evohition equatious (6.16) involve two other dimensionless 
parameters De and de. The first, De, caiied a w-Deborah aumber, is defined as 
The second, de, called a m-Deborah aumber, is given by 
A where X = is ttse inv- ofthe relaxation time of m. WC d tbat Q=~*/DO, 
(1 -4h 
the diaision coefficient D(C,Et)is de6ned in (6.18), aiad Da=D(O,I). We use the 
established taminohgy mrding to wôich "a quantis"quantis"IMorah nmber @s 
i F i r u y " / ~ d  , w h e  s-. is the relaxation time of "a q-. Note that the Deôorah 
number introduced in wrentas et al, (1975, 1!377)] is essentiaiiy the m-Deborah number 
(6.23). 
In the dimensionless fondation (6.16) tbe parameter space @=(a, A, X) .)cd
in (5.7) in the general setting becornes a t k e  dimensional space with coordinates (De, de 
K,). We c m  find a conespondence betweea regions in .p and types of d is ion .  Tbe 
correspondence, summed up in Figure 6.1 and Figure 6.2, is the following: 
a De is small (Figure 6.1) 
K (t 1 Di&sion is driven by gradient of the solvent concentration c, the 
ciiffision is Fickian (c -de l ,  see Section 5.5.1 in Part 1 chapter 5) 
K m 1 difision is driven by gradient of the polymer conformation tensor m , 
the swelling is srnaIl( m - d e i ,  see S d o n  5.4.1 in Part 1 chapter 5) 
K -1 diffusion is driven by gradient of the solvent concentration c and 
gradient of the polymer conformation tensor m ((c,m)-model, see 
Section 5.4 in Part 1 chapter 5) 
d e ~ 1  difision is viscous [ Thomas et al. (1982)]] 
de)) 1 d i s i o n  is elastic 
de-1 diasion is viscoelastic [Duniing et al. (1986), Wu et al- 
( 199311 
a De is large : super and hyper osmotic Mûsion (Figure 6.2) 
a K/De« 1 perfect sbock-waves ((c, w ) - d e l ,  see Section 5.6 in Part 
1 cbapter 5) 
r K/De»l diision is with w - M a  and is driven by gradient of the 
polymer conformation teosor m 
d e a l  das ion  is viscous 
de» 1 diffiision is elassic 
de-l cifision is viseaeiastic 
a De intermediate : anomdws difksion influeaoed by both K and de. 
The models discussed in tbe literahire [Thomas et al (1982), hrniing & ai, (1986), 
Wu et al (199311 are siniated cléarly in the 6rst categary depicted in Figure 6.1. The 
experimentaily obsetved Case II dBüsioa is repromiced in solutions of tbe governing 
equations of these models only ifa gla~+n~bber t ansition is imposeci in the chice of the 
parameters of the tnodels [ î k  parametas, fùnctioas of the solvent concentration, UMiIve 
Iarge jumps). This is uideed relevant if the pdymer undergoes during the difision the 
glass-nibber üansition. For tbis to happen, it is necessary that the! temperature at which 
the observations are made (this is u d l y  the room temperature) is clow to the giass 
transition temperature. If the polymer-solvent mixture does not undergo any glass-rubber 
tmsiîion dwing the diffusion [Thomas et ai. (1978), Baniere (1997)] (obsewed for 
polymers with the glas transition temperature that is larger than the temperature of the 
observation), tben there is no reason to introduce into the d e l s  panimeters involving 
large jumps in their dependence on the solvent cancentrciti*on. Tbe parameters entering 
tôe models are in this case constants independent of the solvent concentration. But with 
such parameters, soiutions of the governing e~uations of the classicai Case ïï rnodels do 
not show the experimeataiiy observeci Case IJ bebavior. OR tbe other hancl, the models 
correspondhg to the region depicted in Figure 6.2 do imply the experimentdly observed 
Case Li behavior even if the parameter entering the mode1 are hiependent of the solvent 
concentration. 
Let us now d e  a few comments about the dependence of A, 5 and D on c. As we 
said above, in the specinc illustrations tbat we shd prosent below in Section 6.6, we 
s h d  choose them to be constants independent of c. &iS if thcy are not constants, how do 
they depend on c? It bas k e n  eeng%ested in [Thomas et al. (1982), Fu et al (1993), Wu et 
al (199311 to Iet the diaision COefltiCient to incrense exponentiaüy with the concentration 
where =D(O, 1) is the dfision coefficient ofthe polymer at the initial date (e.g, gîassy 
me) d k is a constant in whicb the individual featms of the polymer is expressed. 
Typical values attnbuted to k/c, range from t to 20 [Thomas et al. (1982) Wu et d. 
(1994)] to fit the coUected data on methmol-poly(methy1 methacrylate). On tbe same 
footing, we assume that the retaxation time inverses vary as 
where n and g are matenal constants. 
in order to estimate De and de we neai to know the characteristic times of the 
relaxation. To estimate then5, we Ml use the analysis developed in the coatext of the 
(c,w)-mode1 in Part 1. We have introduced there the difltiision Mach number 
wherevistâevebRtyofthefluidand &istheosmoticapkdthatis,aowinthe 
maart of the (c,w,m)-mode1 (see (6.7)), given by & = 
Using the hct that du and in view of (6.28), we 
In Case-U dision, the velocity of the propagation is constant. Assuming that v, equals 
approximately DdL, we arrive at the following expression 
k a  constitutes ~MJW the parameter to be adapted for the différent regions of dision. 
Regardhg the m-Debarah number de, we follow et al. (1975, 1977), Wu a 
a l  WJ311, 
q is the viseosity of the polymer and Go ïts elastic modutus. 
The 6ee energy @ with which we have started in Part 1 was completely 
unspecified. We have partially specified it in (5.5) and then in (6.11)-(6.14). What 
remains unspecified in the 6ee energy at this point is thus b(+,S) introduced in (6.14) in 
the elastic part q*. The specification of h(4,Üi) has to begin with the following 
question: what is the precise physical meaning of the conformation tensor m that is 
seMng us as a state variable describing the internai structure of the polymer medium? 
We shall now answer this question. Let the macromolecules composing the polymeric 
medium be modeled as durnbbells with the end-to-end vector R When the poiymeric 
medium is completely dry, i.e. when 4 = O, then deformations of the molecules are 
completely translated into the macroscopic deformations. We shall express it by writing 
R=R@'~), where R(-) is the macroscopic displacement V~C~OT. As the ditiiision 
proceeds, the polymeric medium becomes les ngid, the mscromolecules composing it 
are sume independent one of the other, and consequently, theii defomatim do not 
translate completely into the macroscopic deformations. We shall thw have 
w b a e m  is a dimensmales pbemmemlogr.l W o n  sati-g the foUowing 
propesiies q0)=1 and q+<l X e 0  . In tbis paper, we shall cboose 44) to be 
wbere 6, = iÎi$ is the dimensionless confofmation tensor at the ead of the -Lon 
process ( i-e. at w, 6 is the unit tensor. The dimensionless conformation tensor 6 is 
now hterpretd as - '-IR'""' >= F F CI@ =< R, B QY BV (6.34) 
whne k = R/& and F is the deformation tensor introduced in (6.10). 
What remains now is to suggest the fiee energy of a systern composed of âumbbells. 
We shall make two rnost obvious and simplest choices. First, we reganl the dumbbells as 
the elastic Hookean dumbbells (Bird et al. (1977)J (Maxwell model), and second, we 
regard them as finitely extensible dumbbells [Bird et al. (1977), Grrnela et al. (1986)j 
(FENEP model). The modifieci tiee energy correspondhg to the Maxwdl mode1 is (we 
use tbe usual form of the fi.ee energy written in terms of <RR> and then use (6.32) to 
rewrite it as a function of 6 ) 
and to the FENEP model 
where Ro is the maximal extensi'bility of the dumbbell , ii,, =& is a dimensionles 
Jmg 
quarrtity, expressed in terms of m, defied above and R,,. The normalization parameter z 
is now 
(note that FI in the conta of Maxwell d e l ) .  We wte thn in the iimit &-PO, Le. in 
the iimit when the Wte extaibility becomes idhite, the FENEP fiee energy (6.36) 
becomes the Maxwell free energy (6.35). 
By i n d n g  (6.35) into (6.16) we obtain 
The internai elastic stress tensor, given for a general free energy in the formula (5.8), 
becomes 
By inserthg (6.36) into (6.16) we &tain 
and the intenial elastic stress tensor 
Before tuming to numerical solutions of (6.38) and (6.40), we shall return briefly to 
Section 5.4 in Part 1, chapter 5. Our objective now is to make the results obtaiaed there 
for a general fiee energy more explicit by inserthg into them the Maxwell the energy 
(6.35). The resuIting governing equatmns will be then d i i y  comparable with the 
governing equations used in wu et al (1993)l. As queci in Section 5.4. of Pari 1, the 
goveniin~ equations (5.7) reduce in the region of the parameter space g corresponding 
to m l  to Eqs. (5.9). Now, we cm be more specific. We replace Eqs. (5.7) by their 
more specific and dimensionless refomulatiou (6.16). Momver, we introduce into them 
the hkweii free energy (6.35), and we ümit ourselves to one dimension. After simple 
calculationq we arrive at a nonlinear time evalution equation for the extra stress tensor. 
As a next step, we drop the nonlinear terms and &ce the d-ption to one dimension, 
We obtain 
where v, = - wIp(1-c) is the polymer veIocity- In the limit of srnail defonnations 
E =b, -1, and wethusaniveat 
1 wbre L, = -L.~ . Tbese equatioos are identical with the governing equatians of the 
0 ,  
linear viscoelastic Maxwell mode1 derived in [Wu et ai. (1993)l provided we use 
1 
FI, = - that they themselves propose to use for the inverse of the deformation tensor. 
1-c 
The model (6.43), extending the linear viscoelastic models derived in [Thomas et al. 
(1982), Dwning et al. (1986)l captures many features of Case II difftsion that is 
accompanied with signifiant changes in pro- (like the diasion and viscosity 
coefficients considered as pbenornenological ttnctions of the solvent concentration) of 
the polymeric medium. The model does not provide however a setting for a clear 
understanding the fiont propagation. As we see in this paper, such sethg is obtained by 
adopting the difision flux w into the set of independent state variable. 
In the three dimensional analysiq the relation (6.41) between the stress tensor a and 
iii cannot be inverted. The third equation in (6-40) cannot be thus replaccd by an 
equation govedng the time evolution of a. in the one dimensional analysis howevet the 
formula (6.4 1) can be inverted. We obtain easiiy 5 = (a+' E I n h g  thjs -1 
expression into the third equation in (6.40), we arrive at 
In the limit of small deformationq tbe strain is givea by E = F,, -1. Ignoring the non- 
linear terms involved in (6.44), FENEP-diffiision mode1 becornes 
where now L, = G O  L, . Equdons (6.44) or their approximation (6.45) 
zCG.@ +I)Çor 
are thus dueci extensions of the goveming equations (6.43) [Wu et al. (199311 towards a 
more realistic rheology (the Maxwell-del rheology is replaced by the FENEP-mode1 
rheology). It is obvious that if &m, we recuver fiom (6.45) the goveming equations 
(6.43). 
6.6. Numerical Solutions 
We hirn our attention now to the one-dimensionai difision into a thia film of a 
glassy polymer immersed in a solvent. This type of diaision was studied experimentaliy 
for example in [Alfrey et al (1966)l (polystyrene Unmerd in acetone), [Kwei et al. 
(1%9)] (cross-linked epoxies immersed in benzene) and [Thomas et al. (197811 @oly 
(methyl-methacrylate) immersed in methanol). Our objective is to reproduce the 
experimental observaiions as solutions of* goveming e~uetions of (c,w,m)-model. 
It will be more convenient f5r numerical CalcuIatims to rewrite (6.38) or (6.40) iu 
second equation in (6.38) or (6.40) becornes 
The equations goveming the tirne evotution of the solvent concentration and the 
codormation tensor will remain unchangeci except tbat W is replaced by CV. 
We shall assume that the initiai thickness of the sample, Uo, is negligible if 
cornparcd with the dàce ,  S, of the film, i s .  U. cc&. The ppmcas of lorption into i 
thin film is a symmeûic process; i.e., the salvent enters the polymer h m  opposite sides 
and diffuses to the center of the film. We cm therefore study only the half-thickness of 
length Lo [Wu et al. (1993)] 
6.6.1. initiai and Bounda y Conditioas 
We know fiom experimental observations of Case II diflFiision [Alfiey et al. (1%6), 
Thomas et al. (191811 that the weight gain of tbe polyrner evolves linearly in time. This 
linear kinetics is obsewed to be always preceded by an induction period during which the 
solvent does not penetrate the core of the polymer and the weight gain of the polymer is 
negligible. This observed induction phi indicates tk the wre is 'resisting' the 
penetration of the solvent molecules ut i l  the interface maches a state of certain 
equilibrium. inspird by these absemîions, we conjecîure that the process of absorption 
that takes place at tbe interface is different h m  Caae II difhsioa taking place at the axe 
of the film. We decide therefore to treat separateiy the surface and the core. In both cases 
we shall use (c,v,m)-mode1 but the parameters 0used at the sur fh  will be 
dierent h m  the parameters (De,de,K) used in the corc. In the following, we shall 
denote the diffiision Mach number at tbe srirfiice by Ms and the difIUsion Mach aumber 
in the core by Mc. We use tbe same subscripts for the Deborah muabers; Le., 
fespectively, Dec, des h r  the are and Des, des tOr tbe di. In bis paper we sball 
Iimit d v e s  to &=&=K. 
La .(y, 0) = (C (7, O), V ( y ,  0)- Ûi ( y ,  0)) designate the one dimensional and 
dimensionless set of state variables. Since the polymer is initially dry, the concentration 
C, the mass flux, and the velocity of the solvent, V, are equai to zero within the whole 
polymer film. The dimensionless conformation teflsor d d b ' i g  the polymer is the unit 
teusor- From this initial state, the system evolves, as the tirne goes to Uitinity, to a fimi 
equilibrium date. The initial conditions are the following: E ((Y, O) = (O, O, 1) for dl 
- 
Y E [O, l] in the dry polyma. Ai  the intata,  Le. at Y = 0, the set of aate variables is 
given by E(0, 0 ) = (C(0, O), V(0,0), %(O, 0)) for al1 0 . The tirne evohition of 
C(O,0),V(O,û), and in(0,0) is governeû by (c,w,m)-mode1 with the parameters (Ms, 
des, K). The numerical resolution requires the knowledge of the values of the state 
variables in the region cadaining initially oniy the solvent; that is  in Y <  O (Y E[O, I] 
represents tiie coordinate in half thickness of the polymer film). In the material 
coordinates, we denote by y = 0- the space coordinate near the au8w initiai position but 
on the side of the solvent. The equilibrium concentration reached at the end of the 
induction Wod is e, This is then takm to be the amcentration at Y ~ f o r  dl 0. Tk 
laiowledge of the velocity and the cdormation tensor at Y = O- needs the knowladge of 
the tirne at which the polymer has swelled in the solvent region and reached the position 
- 
Y = O-. Let $ be such time. When 0 ce0 the polymer is assumed to have not yet 
swelkd to reach this position (Le. y= O]; consequentiy, the solvent OWd stül -ns 
unperturbed and its velocity equals zero. The conformation teasor also vanishes sina 
th- is no pdymer in the solvent region at y= O-. Whm 0 2 0, the palper ôegins to 
ocaipy regions in the soivent n Y s O-. In that case, the velocity as well as the 
confOmati011 tensor are assumed to be equal to th& mspectïve values aaeined at tbe 
surface- The gradients of velocity and of the confofmatlfmatlon tensor vanish at the interface. 
This is because wben 02 $ at VS O-, the set of state m-ables hm lhudy reached the 
equilibn'um state. Since O' is of the order of the surface thickness, we bave chosen it in 
our numerical caicuiations to be S = 0.1-0.2 pm. The time 0, is estimated by using the 
foliowing equatio~ 1480)-L, 6, at Ho and at ?=O. 0. sweiliig ofthe haiftbichiou 
of the polymer, related to the linear macroscopic deformation, is of the order of the 
surface thickness 6. The polymer thickness (already swoiien) L(0) at tirne 8 is d d a t e d  
fiom Eq.( 6.54). 
in summary, the set of the state variables at the material position located just 
behind the initial position ofthe polymer in the soivent region is 
It is worth to mention, that a second ordw evolution equation for the solvent 
concentration, c, can be derived fiom the family of equations (6.16). This is because if we 
ignore the fht t m  on the right hand side of second equation of Eqs, (6.16), the three 
terms on the nght hand side of the third equation of (6.16) and assume in addition that the 
parameten of the modei, Le., De, D, E=DL, are constants, we arrive at 
where De and de are respectively the w- aad the m-Deborah numbers detined above. Oae 
notices then that the Long and Richman equations goveniing the i n t d c e  time evohition 
[Long et al. (1%0)] are (6.47) in which the two terms on the right band side of the fint 
equation of (6.47) are neglected, i.e. 
Co is thc dimensionless initial concentration; C, is the nofmalized equiübrium 
concentration. 
In our numerical illustration, we aim at Case II difision during which the polymer 
does not undergo the glass-nibber transition. Such dfision has been obsefved in glassy 
polyrners [Thomas et al. (1978), Baniere (1997)J. The phenomenologicai parameters D, 
A and k in which we express the individuai features of the systems under consideraiion 
will be chosen to be constants independent of the solvent concentration ( this means that 
in (6.24), (6.29) and (6.31) we put k=n=g=û). We use the finite difference method to 
discretize the partial differential equations (6.46) and the tirst and third equations in 
(6.38) and (6.40). We use the mn-conservative 6rst order upwind scheme [Hirsch 
(1997)] that seems to be sufficient for our numerical study. It is useful to note that the 
RankineHugoniot relation (see (5.26) in Part 1) can still be applied for the solvent mass 
consenration equation, since it is a conservation equation. This relation, in its 
dimensionlem fom, is [CV~ = si[c] i, w h  [AlpAi-A~i. si is e q d  ta the 
dimensionless shock or discontinuity speed at the grid point i [Hirsch (1997)J and is 
&en by 
The diensionless lengtb of h film bas been divideà into one hundred g ïd  points. The 
calculatims have been executed on a 333 Hz PC cornputer ushg the Uatlab s o h .  
We start the computations, for the sake of simplicity, with an initial solvent macentration 
ofthe orda of 10~.  The conthution tmsor, the velûcity and tbe ammtnîion profiles, 
are calculatecl, in this succession at each thne step. Once the profiles of the concentration 
are obtaineà, we determine the mas uptake fiom 
F, the deformation tensor, is related to the dimensionless conformation tensor as follows 
which becornes in the one dimensional study 
Having calculatecl the profües of the concentration, of the velocity and of the 
conformation tensor, the determiaation of the extra stress tensor a and the polymer 
gradient velocity becomes a straightforward ta&. We are tben also able to calculate tbe 
interna1 longitudinal viscosity 
where O is the palper elastic extra stress tmsor, ad E, is the strain rate (gradient ofthe 
polymer velocity). This caidated viscosity can be i ~ a w  compared with the viscosity that 
constitutes a part of the input of classical Case II d e l s  [Thomas a al. (1982), Fu et al. 
(1993), Wu ct ai, (199311. It bas been d c e d  that m order to repmduce the basic fhîwes 
of Case 11 diaision, in the context of ik classicai Case II modelq the viscosity has to be 
assumed to be very strangiy decreasing fùnction of the solvent concenEration c. We 
recall that we have not made at the outset of our numerical analysis MY assumption of 
tbis type- The phenomemlogicd parameters witb which we have staried (i.e. the 
diffiision coefficient, viscosity coefficient, and the relaxation times) are constants 
independent of the solvent concentration. 
Al1 the results preseated below are calculated for both the Maxwell and the FENEP 
fiee energies and for the methol-poly (methyl metacrylate) mixture propaties Iisteû in 
Table 6.1. The curves in Figures 6.1 to 6.10 are those wrresponding to Maxwell 
viscoelastic d e l ,  and Figures 6.1 1 to 6.14 exhibit results obtained h m  the FENEP 
mdel. 
Figure 6.3 shows the concentration of the h c e  venus t h e  for (Ms, Mc) = (1,1), 
(3 -3 5, l), (3.3 5,3.3 5), (3.3 5,6.9), and (6.9,6.9) (respectively fiom left to right). To recover 
Case-iI difision, Ms has to be smaller than Mc. ifthis is the case then there is an initial 
period during wbich the srfice absorbs slowly the solvent. Foilowing this initial period, 
there is a rapid increase of the concentration that is followed by a plateau correspoading 
to the equilibrium value of the concentration (this is observed more clearly in the third 
and the fourth curves). This phenomenon has been identifiai as a weak a u t d y t i c  
response of the surfàce to -on [Thomas et al. (1982), Hui et al (1987), Fu et al, 
(1993)l- 
The concentration profiles against the normalized polymer length are shown in Figure 
6.4 for (Ms Mc) 33.35, 6.9) (wntinuous lies) and (6.9, 6.9) (dasbed lines). Tbe 
calculated curves appear to be step-like for (3.35,6.9); we also observe the absence of the 
conceatration gradients behind the moving fiont which is in agreement with the e l i a r  
experimental observations reported for Case-Ii difiùsion. Numerical calculatims show 
thet inmashg Mc while keeping Ms smaller kads to sharper mamüaîion profites. 
Moreover, we see tbat by increasing Mc we increase the tirne aeeded for the completion 
of the sorptirption. To recover Case II &sion, Ms mst be relaîively smd and Mc 
relatively large. An increase of both Ms and Mc leads to diffiisive concentration profiles 
and thw to a feature tbat is not characteristic of Case II diBision. This result supports our 
strategy to treat separately the m e  and the dhce.  
In Figure 6.5, we present the normalized mas-uptake curve versus tirne (in hours) for 
(Ms, Mc) = (l,l), (3.3 5,1), (3.35,3.35), (3.35,6.9), (3.35,20), and (6.9,6.9) (respectively 
h m  left to nght). The curves calculatcd for (3.35,6.9), (3.35,20) are typical of Case II 
linear kinetics. The calculated curve fôr (3.35,6.9) reproâuces the experimental curve 
(drawn in (a)) reported in [Thomas et al. (19781. We kaow h m  the calculations that if 
Mc decreoises (and then Dec) the velacity of the propagation of the fiont increases and 
therefore the time needed to cornplete the complete the penetration is reduced. 
Figure 6.6 shows the velocity profiles versus the n o d i z e d  length for (Ms, Mc)= 
(3.35,6.9), (amtinuous lines) and (6.9,6.9) (circles). The value of the velocity at the &ont 
is about 2-2.2 nmls that corresponds to the choice of M~3.35. Following the suggested 
terminology, we may say that difftsion is suj~~~smotic. Theexperimental value for the 
velocity fiont is -1.8 nmls  at 24 C [Thomas et al- (1978)l. From our simulation, an 
increase of Ms leads to a decrease of the velocity front value. However, increasing Ms 
while keeping Mc constant, will lead to dfisive concentration protiles as shown in 
Figure 6.4 and in Figure 6.6, Since the (6.9, 6.9) m e  shows that the solvent 6ont 
accelerates, but decelerates at the final stages orthe sorption. 
Figure 6.7 shows the profiles of the conformation tensor against the normaiized length 
for (Ms, Mc) -3.35, 6.9) (continuous lines) and (6.9, 6.9) (dashed lines). The 
dimensionless initial value of the confofmasion tensor was 1 for bbth the Maxwell and the 
FENEP 6ee energies. The polyma evolves, due to the penetration by solvent, to a final 
swoiien configuration. This staie is caldated at each time step in which it is assurneci 
that the 6nal equiiiirium COllformaîiioa m, of the whole polymer equais to the 
equilibrium conformation at the surface. The uumerical caiculatioa leadq for (3.35,6.9), 
to a vaiue of the order of ~ ~ 1 . 3  and fOr (6.9, 6.9) to q-1.16. des (the mbe m- 
Deborah number) has been chosen to be larger than dec (the cote m-Deborah munber). 
Tbe sweiiing is caidated using the fbIIawiag expression 
This is shown in Figure 6.8 fw (Ms, Mc) = (l,l), (3.35,20), (3.35,6.9), (3.35,3.35), 
(6.9,6.9), and (3.35,l) (bm top to battom). The expairneml curve in [Thomas et al. 
(1978) 1, which is d m  in (e), coincides exactly with the curve caldated for (3.35,6.9). 
The volume increase of the polymer, as expecteû, fbtlows the same kioetics as the mass 
upîake. This kinetics for (3.35, 6.9) and (3.35, 20) is similar to the typical Case 1I 
kinetics as seen in experimental ob-ons. 
The elastic extra stresses, created during the diision, are calculated for (Ms, Mc)= 
(3.35,6.9) and are plotted in Figure 6.9. We notice that the profiles attain their maxima at 
the fiont, showing that the stresses are localized at tht solvent moviag bowidary, wMe 
behind and ahead of the fiont the polymer is stress fiee. The amplitude of the Case II 
stresses varies fiom 7 to 13 MPa The maximum value of rhe stress is attained at the 
intefice and is of the order of 400 MPa. This value is higher than the value required to 
initiate a fracture. The same behavior is obtained using tbe FENEP fiee enetgy. For small 
dues of $, tbe stresses are however f d  to bc stigldy lm. We recwer the arm 
order of magnitude pmvided by the Mumll  hee magy if &, > 15. The popdyma 
velocity gradients behave similarly, as shown in Figure 6-10, This is due to the sharp 
profiles of both the concentfation and of the velocity of the sotvent and also of the 
polymer confocmafion. 
Figure 6.11 shows the mes of nomialinxi internat longitudinal viscosity versus 
wtmatited concentratjon. These curves are obtgined using Eq. (6-53) at a 6xeâ spatial 
position but during the whole evohin'on of the state variables; Le., 
varied position, The caiculation leads approlrimateiy to the same resuits. However, to see 
the real var*atiun of the viscosity with tbe coacentrasioa or the rate of defDmti04 we 
think that the nrst prooedure is more appropriate- For tbe Case II behavior, the viviscosity 
decreases slightly with concentration. The same is then tnie for the relaxation tirne of the 
internai structure- This is teasonable, since the poiyme"c chahs gain in the process of 
dithsion some fiexibility. However, tbe normslized viscosity is seen to fidl only 5 to 20 
times. In the classical Case iI rnodelq it has been assumai to decrease 100 to 1000 times. 
The behavior is typical of Case II diffiision is implied by (c,w,m)-mode1 even for 
constant constitutive equations (viscosity, difitsion dcient, relaxation times). For 
(Ms, Mc) =(6.9,6.9), i.e. for the d i i o n ,  shawn in Figures 6.4,6.5 and 6.6, that is not 
of Case II-type, the viscosity has been found to decrease with concentration about 1000, 
In Figure 6.1 1, the viscbsity profiles were calnilated using the Maxwell fiee energy. We 
have observed that the behavior shown in Figure 6.1 1 will appear even with the FENEP 
&ee energy if b 1 5 .  This indicates the importance of the choice of the ûee emiey in 
modeling the non-Fickian difision. Figures 6.12 and 6.14 show the viscosity versus 
gradient of the polyrner velocity respectively for Maxwell and FENEP fiee energies. We 
believe that the behaMor of the viscosity for higher deformations arising in our 
calculations is probably due to the asymmetnc shapes of both the stresses and the 
gradient of the polymer velocity with respect to their maxima. 
Figure 6.15 shows the curves of the polymer volume increase versus time calculated 
ushg the FENEP hrr energy with a, =1,1.5,2,3.5,5 ad 15 (frorn bottom to top) Tor 
(Ms, Mc)=(3.35,6.9). The value of i&, is show to contml the degree of swelling of the 
polymer. Similarly, Figure 6.16 shows the curves of the nodized polymet weight gain 
versus time calculated using the FENED fie energy with E, =1, 1.5,2,3.5, (fiom I& to 
ri&) for (Ms,Mc)=(3.35,6.9). We see tbat the time necded to complete the penetratîon is 
influesrrd slightiy by the value of E, . 
In this and the previws paper we have introduced a new mode1 of both the standard 
and nonstandard isotbmal diBision of a soivcat into a paiymer in overall mechanical 
equili'brium. We c d  it a (c,w,m)-moâe!l since the quaaiities that play in it thé mle of 
dependent stiae variabies are the soivent e o n c d o n  c, the dintsion flux w, and a 
symmetric tensor m charaderizhg the U i t d  structure of the polymeric medium- The 
individual naAire of tbe solvent-poiymer system is expresscd in it in the fiee energy, the 
rehdon time of the poiymeric stnicture, and the relaxation tirne of the diffision flux. 
Tbe process of fincihg solutions of the govéniing eguations begins with properties 
of miutions that can be found bekre making cornitment to s specific chaice of the fie 
energy. Such pmperties are: (i) reductions to simpler, previously kmwn or new, models, 
and (ii) wave propagation. The ht type of pqerties has been systematically studied in 
particular in Part I. We have derivai many simpler models ( among them for example 
the classical Fickian model and the classical Case il models) that are well knowa 6om 
previous considerations and, in addition, one new model called (c,w)-model. The second 
type of promes arc promes of the wave-type propagation of disturbances in the 
solvent concentration. We cal1 them osmotic waves since they are analogous to sounâ 
waves in compressible simple fluids (solvent concentration and osmotic pressure play the 
role of the mass density a d  the fluid pressure). We are dm able to find, by analytical 
methodq an inhmtion about possible formation of discontinuiiies during the difhsion. 
in particular, we predict this type of behavior alsa in polymm that do not experience 
ghs-rubber transitions (set mmas et al, (1978), Barriere (199711 wbere tbis type of 
diffiision has been obmed). 
Detailed soiutions of the governing equations of the (c,w,m)-model, reported in 
Section 6.6, are fouizd by using merical methods. In the n d c a l  d y s i s  we have to, 
of course, spaciSr completeiy the î b  energy a. We make two chias: the Maxwell fhe 
energy and the FENEP fiee energy. Both are appmprktely mdf ied  to take iato accouat 
the swehg. It is important to ernphasize that other, more realisîic, choices of O muld 
be made witbout increas'ig substaii-tiaüy the complexity of numerical calculatio~ls. 
Having specitM a, the governing equatiom become a M y  of the time ewohition 
eqaiioos Uivolving three paramka De, de, ami R It is in these three parameters where 
we express in our mode1 the indiviciuai features of the solvent aad the consideration The 
fîrst, De, cailed a w-Deborah number, &ses in the equation goveruing the time woiution 
ofthe solvent m a s  flux W. h cm also be expresseci in tenn o f h  d i s i o n  Mach munber 
*( see (6.29)). Tùe second, de, called a m-Debrah nurnber, appears in the equation 
goveming the time evalution of the i n t e d  structure characterized by m. The tbird one, 
K, is an indicator of the wupling between a s i o n  and the i n t ed  stnicain, It 
measures the relative importance of two contributions to the fk energy: the mixing part 
and the elastic part . The ratio WDe indicates thus the importance of the coupiing 
between difision and the structurai changes in the polymer. This coupling becornes 
significant wôen K/De is large. The th= dimensional space with caordiaates @e, de, K) 
is called a parameter space and is denoted by the symbol p.  The correspondence 
between regions in p and types of diffision is established by utilizing analytical as welf 
as numerical methods. The results of calculations that have bem compared with 
expimentai results reported in [Thomas et al. (1978)] are predictions concerning the 
polymer weight gain and the swelling in one-dimensional sorption. We have identitied ( 
see Table 6.1) the three parameters (De, de, K) (i-e. a point in the panmeter space p )  
cWer iPng  the mixture methanol-poly(methy1 methacrylate) obsefved in [ Thomas et 
al. (197811. Our theoretical predictions are found to follow very closely the measured 
values. We calculate also quantities that have not been directly measured. They are the 
nlocity profiles, interna1 deforautions expressed in the conformation tensor m, and the 
intenial stresses created in the polymer during the difision and the swelling. 
It is usefiil to illustrate the clifference betwccn the modeliag presented in this paper 
and the classicai Case II modeling by cornparhg these two types of theoretical adysis in 
the specitic context of the expaimental observations reportai in [Thomas et al (1978)J. 
Let us dl 6rst the classical Case II analysis. Wbat is the input of the ciassical Case II 
modek~? In other words, what an tbe consbtuave . . relations d e d  in its govenllng 
equations? They are two fùnctiolls D(c) and q(c) expressing the difIiision d c i e n t  ad 
the longitudinal viscosity d c i e n t  as ~ o m  of the solvent concentration c. The 
output of the classicai Case II moàeling is the weight gain ofthe polymer, the swellin%, 
aad theextra streJs- It hasbanbmdtbat inordertomiveat tbeoutputtbatagreeswith 
the observed Case II difltiision, tbe input fwlctions D(c) and q(c) bave to involve high 
jumps (the decrease of the viscosity ami the increase of the diftiision coefficient). A 
natural (and proôaûly the only) interpretation of such junps is as an expression of the 
glas-nibber transition. The Case II modehg thus begins with an imposition of the glass- 
rubber transition. The problem is that this type of transition is not observed in [Thomas et 
al (1978)], 
Now, let us recall what we bave done to reproduce the expenexpenrnental r sults of Thomas 
et al. The constitutive relations needed in uur governing equations (i.e. the input of our 
theoretical analysis) are summarized in Table 6.1. Wbat we need are three constants for 
the diffision at the surface and other three constants for the diffusion in the cote. We 
emphasize that our input involves constants, not fiinctions. In particular, our constitutive 
equations do not make any refeience to glass-rubber transitions. The output of our 
theoretical consideration consists of the output of classical Case U models and, in 
addition to it, promes of the wave propagation, velocity profiles, i n t d  defotmations, 
and the viscosity coefficient as a fiinction of the solvent concentration (see Figwes 6.11 
and 6.13). We thus note that a part of our output, namely q(c), is an input of the classical 
Case II modeling. We can compare them. F m  Figure 6.14 we see that the viscosity 
indeed decreases with tbe solvent conceatration but the decrease is much smaller than the 
one introduced as an input of the Case JI modeling. In particular, the calculated decrease 
of the viscosity does not indicate (aiad this is in agreement with experirnental 
observations reported in Thomas et a1.(1978)]) any glass-tubber transition. 
Summing up, we conchide that (c,w,m)-madel of the mass transport in polymers bas 
a wide range of applicability, it encompasses many pfevlfevlously b w n  d e l q  and is 
relatively simple fiom the mathematical point of view- Prelimimy investigations also 
indicate that the d e l  can be relatively easily extendeci to ackûess an important problem, 
both b m  the practical and the fiindameatal point of view, of difftsion of 
multicomponent solvents in a nnihilayer polymaic medium. 
TiMt i l .  Methmol-PMMA properties used & mutmicd aûcuiatim hr Case IL 
Alfiey, T., E- F. Gurnee, and W. G. Lloyd," D@tsion m ghypdvnrers, " J. Poly. 
Sci.:parî C, 12,249-261 (1966). 
Bamamere, B. "D@hicm et permm*ott & sohmts a bavers &s sysmnes p@nems'' 
these de Doctorat, Universite Paris VI (1997). 
Bir& R B., J. Hassager,. R C. Armstmg and C. F. Curtis, Dy~lnics  of Polymenc 
Liquidr, Vol. 2, K M c  T h e v ,  Wiiey, N. Y. 1977. 
Chorin, A J. and J. E. Marsden, A MàthPmrrtical Inircxhctim to Fiuid Meciwmix 
Second Edition. Springer-Verlag (1990) 
Courant, R and K. O. Friedrichq Supersoie FIows and k k  waves, Springer-Verlag 
(1942). 
Durning, C. J. and M Tabor, "MMI Dg9ksion in concentmted Polymer Sohrtions d r  
a Small Driving Force," Macromoleculeq 19,2220-2232 (1986). 
Edwards, D. A and D. S. Cohen, 'A Mrrthemuîical M d 1  fw a Dimhring Polymer," 
AIChE J. 41,11,2345-2355 (1995). 
Edwards, D. A. and D. S. Cohen, 'An U m d  Moving BOU- Condition mishg in 
Anomulous D~fis ion Prob1em"SlAM J. APPI. MATH .SS,3,662-676 (1 995). 
Edwards, D. A. and D. S. Cohen, 'Constant FFrortt 8 '  in Weakty difisive Non-Fickian 
Sysiems," SIAM J. APPI. MATH .SS, 4,1039-1058 (1995). 
Fu, T. 2. and C. J. k i n g ,  ttNumerical SimrrIah'on of Case II Tranrpos," AIChE J. 39,6 
1030-1044 (1993). 
El Afif, A. , M. Gnnela and G. Lebon, "Rheology and Diffision in Simple and complex 
fluids" J. Non-Newtonian FIuid mech. 86,253-275 (1999). 
Flory, P., Pn'ncri,Ie of Polynier Ckmis&ys Comell University Press, Ithaca, N. Y. (1953). 
Godlewski, E., and P. A Raviart, HypeMic Sysîems of Conservution Law, Ellipses- 
Edition (1991). 
ûrmela, M. and P. J. Carreau, "C@-on Te- RkoI@cal M&lsl'J. Non-Newt. 
Fluid Mech 23 ,271-294 (1987). 
Hirsch, C. "Nmericai Cm-'m of Inrerrnal a d  &terni FIows : wlme  2 
Cosnputrrtrosnputrrtr~l Methed jov ImlfYIscid cmd Y~AWUS FIows, Joh Wiley & Sons (1997) 
Hui, C. Y., K C. Wu, R C. La&y and E. I. Kramer, ''Ce U B i m  in P-s : I. 
Trament Xwelibg '" J.  A# PSs., 6 1,s 129 (1987)- 
Kwei, T. IL and H. M. Zupko 'D@Ùsion m G k y  Pdjmws," J. Poly- Sei. (A2) 7,867- 
887 (1%9) 
Mavranîzas, V. G. d A N. Bedq "Mdl ing  of tk RkoIogy Imd Flow-Inslhced 
C01~:entmn~on Changes in Polymer Sohrti0ltss"Phys. Rev. Leît, 69,2,273-276 (1992). 
Muller, 1. And Ruggeri, T. "Ralimf EXienrded Z ï t e w i &  (Springec, New York 
1998) 
Neogi, P., cYIiiomalms D ~ ~ s i m  of Y's thmgh Sold Polynters," -4IChE J. 29,829- 
839 (1983). 
Thomas, N. L. and A H. Windle, " Transpurl of &thand in Pofy(imehyl ntethacrylate), 
" Polymer, 19,255-265 ( 1978). 
Thomas, N. L. and A. H. Windle, " D~fision mechania of the system PM-methanol ,  
" Polymer, 22,627-639 (198 1). 
Thomas, N. L. and A. H. Windle, "A 7 k o r y  ofCase II DIB- " Polymer, 23,529-542 
(1982). 
Smoller, J., S k R  Waves and Re4ction-D1fwion EqiMtms, Springer-VerIag, N. Y. 
(1983). 
Vrentas, J. S., C. M. Iarzebski and J. L. Duda, Y4 Aborah Nmkt fw D@bsion h 
Po&mer-Soknf systems" AIChE,J., 21,894-901 (1975). 
Vrentas, J. S. and J. L. Duda, "DiJÙsion in Poljlmer&îwnt systems, III. Coltshyctim of 
Debmh Nimber Diqyams," J,  POrym. Sc.. P m .  Phys. M., 15,441- 453(1977). 
Wu J. C. and N. A Peppas, " Numerical Simulation of anomaious Penerraat Diftirsion in 
Polymers," J Appl. Polym. Sci. 49, 1845-1856 (1993) 
Kat 1 
& a1 d e 4  der 1 
Pîre6.l  K versus de for D64. K is the dühsioil-internai structure coupling 
constant de is m-Deborah number and De is w-Deborah number 
Fiire 6.2 K versus de for -1. K is the diffiisio~intd structure couphg 
constant, de is rn-Bborah number ad De is w-Deborah number. 
Pire63 Normaiii surface concentration profiles versus t h e  (in hours) 
calculatecl for k=O, i1=0 and g=Q The profiles are shown h m  left 
to ri@ for (Ms, Mc) = (1,1), (3.35,1), (3.35,3.35), (3.35,6.9), and 
(6.9,6.9) respeciively. 
Fiin 6.4 Normaüzed concentration profiles versus aormalized tength calculated for 
,Y, IF0 and g 4  and for (Ms, Mc)= (3.35,6.9) (continuous liaes) and for 
CMs, Mc)= (6.9, 6.9) (circles). The pm&s are shown every 0.1 
normaiized time step. 
Figure 6.5 Nonnalized weight gain versus time (in hous) for the parameter 
H, n=û ad f l  The uuves are sfiowq h m  Idt to right, for the 
following values of (Ms, Mc) = (1,1), (3.35,1), (3.35,3.35), 
(3.35,6 93, (3.3530) srad (6.9,6.9), The m e  in (e) repeseaSs the 
experimental data fOr meihoMi1-PMMA m m a s  a aI. (197811. 
Figure 6.6 Velocity protiles (in d s e c )  vCrsus nofmalized length calculated for k 4 ,  
n=û and g=O and fbr (Ms, Mc)= (3.35,6.9) (conîinuous lines) and for (Ms, 
Mc)= (6.9, 6.9) (circles). The profiles are sbawn every 0.15 normaüzed 
time step. 
Figure 6.7 Normaiized polymer conformation profiles versus uormaüzed 
length calculated for W, n=O and @ and for (Ms, Mc)= (3.35, 
6.9) (continuous lines) ad h r  (Ms, Mc)= (6.9, 6.9) (circles). The 
protiles are shown every 0.1 normaked time step. 
Firt 6.8 Polymer volume *l~lcrease versus time (in bus) cddated for Hl, 
n=O and g50. The curves are sbown for the fOUowing values (Ms, 
Mc) = (l,l), (335,îO), (3.35,6.9), (3.35,3.35), (6.9,6.9), and 
(3.31) (nspeàively fiom top to bottom). Tbe ame in (a) 
rrptesmts the cxperimeatal data for methanol-PMMA momas et 
ai. (1978)], 
F i i r e 6 3  Stresses (in MPa) vasus normaüzai length calcuiated for (k=û, 
n=û, g=û) ad for (Ms, Mc)= (3.35, 6.9). The profiles are shom 
every 0-1 Mirmalized time step. 
Fiare 410 Profiles of the grdieut of tbe aormalued poiymer velocity versus 
norrrmlized length calculaicd for 0, n=û, g=O) and hr (Ms, 
Mc)= (3.35, 6.9). The profles are shom evay 0.1 normdized 
t h e  step. 
Nonnalùed internai viscosity profites versus aormaii i  
c o a a n m i m  caicuiated using îhe MmveU BRC energy d e l .  
The parameters used are 0, d, g=O) and (Ms, McH3.35, 
6.9). 
Normalized viscosity protiles versus (- nocmalized polymer 
velocity gradient) calculateci using the Maxweeil viscalastic d e l .  
The parmeters used are 0, r d ,  g 4 )  aud (bis, Mc)=(3.35, 
6.9). 
Figure 6.13 Normaiii  vimsity profiles versus mrmalized concentration 
calculated using thc FENED vidastic modo1 with E,=2. The 
parametas used are 0, d, @) anci (niS Mc)=(3.35,6-9)). 
Normahd viscosity profiles v m s  (- a o d i  polymer 
veloaty gradient) cJfuated using the FENEP viscoelastic modcl 
Witb R . 4 .  The parameters used are (W, n=Q, @) and (Mq 
Mc)=(33,6.9). 
FIgurr6.15 Normaiii weight gain versus time (in hours)) calculated using 
the FENEP viscoelasric d e l  fbr the pluameter k=û, n=û and g=O 
and fbr (Ms, Mc)=(3.35, 6.9). The airves are shown f;or the 
foiiowiq values R, =1, 1.5,2,3.5 (respectively nom le& to ri@). 
The curve in (e) represents îhe expcrimental data obtained for 
methawl-PMMA m m a s  et al- (197811. 
Fin 6.16 Polymw vohime increase versus time (in ho=) catculated us@ 
the FElVEP viscoelastic mode1 for id, a=û and g=O aad for 
Mc)=(3.35,6.9). The mes are show11 fbr tbe fiUowing dues of 
R,=i, 1.5,2,3.5,5 and 15 (respectively h m  botmm to top). The 
curve in (a) represents the experimental data fbr metbaool-PMiKA 
(Thomas et al. (197811. 
CHAPITRE 7 
MIXï"URE OF TWO SIMPLE AND ONE COMPLEX FLUIDS: 
1. DIFFüSION rad RHEOLOGY 
Ali El Afif and Miroslav ~ r m c l a ~  
École Polytechniqw, Université de Monueal, Case Postale 6079, Succursaie A, 
Montréal, Québec, Canada, M T  1 K3 
Soumis BJ.  Cirem. Phys (2ûûû) 
This paper addresses the couphg amoag the flow behavior, the diasion processes and 
deformations of the i n t ed  structure that arise in ternary mixtures wnsisting of two 
simple and one complex fluids. States of the mixture are chosen to be describeci by the 
fields of the overall mass density, the overall momentum, the mass W o n s  ami of the 
two simple fluidq two relative momenta, and a second order symmetric tensor 
characterizing deformations of the internai structure. The model extends to teniary 
mixtures the model developed previously for binary mixtures consisting one simple and 
one complex fluids. The goveming equations are derived as a particular r d i t i o n  of 
GENERIC expressing the mathematical stmcnire of the goveming equations that 
guarantees agreement of their solutions with equilibrium thermodynamics. More detailed 
properties of solutions of the goveming equations are investigated in parîicular situations 
in which some of the independent state variables become dependent state variables and in 
ôoth linear and nonlinear regimes. In the nonlinear regime, the overail flow is found to 
influence the diffision by making the matrices of the transport coeflticients to depend 
explicitly on the gradient of the overall velocity. This dependence then renders the 
dithsion highly anisotropic even in the absence of the stresses arising due to 
deformations of the intemal structure. On the other hand, the diffiision process is found 
to influence the rheulogical behavior of the mixture by introducing two types of 
additional stresses: (i) the sûesses that aise due to deformations of the intemal structure 
of the cornplex fluid induced by the difiùsion, and (ii) the stresses that are directly 
expresseci in terrns of the diffusion fluxes. 
7.2 INTRODUCTION 
Coupling between fheology and diffiisioa in a mixture of one solvent and one 
polymer hu km extensively studied botb arperimentally ' and theoreticaily Phase 
separatioq swelling, migration across süeamiines, formation of morphologies etc. are 
some of the observeci effécts that are induced by the applied flow in bhary solutions. The 
two-&id model has beea used 2'a in many theoretical developments that contributed to 
understanding such flow-induced behavbfs. The application of the flow causes the 
diasion to deviate fonn the predictions of the standard Fick's laws of mass transport. In 
addition, changes in the polymer structure ptoduced by the diffision and by the diffision- 
rfieology coupihg mate additional stresses within the polymer and thus the observed 
rheological as well as the internai physical properties are modified. Still new phenomena 
aise in multi-componeut mixtures due to the cross-coupling of diffision fluxes of 
tbe components. 
While engineering applications (separarion, h g  delivery, dryin& coating, etc.) 
show the tendency towards the use of multi component mixtures, their theoretical 
investigation bas not received enough attention. A notable exception is the 
thermodyaamic-hydtodyuamic imrestigation3"' of gels in binary solvents in the absence 
of viscoelastic deformations. Our objective in this papr is to pmvidc a 
thedynamically consistent setting that is suitable for discussing te- mixtures 
consisting of two simple fiuids (e.g. two s01vents) and one complex fluid (e.g. a 
polymeric fluid). We use the CiENERIC f o d i s m  and extend (i Section 73) the 
two-&id model to a thrrc-fiuid model. In the third section, we investigate 
systematically the couplhg betweea h l o g y  erad diEusion for two particultu situations: 
i) the iinear regime, and ü) the aonlinear regiine. In tbe fbrmer situation (the gradient 
K* =%/aa of the overall velocity v is d l ) ,  we e x t d  to ternary mixtures the 
models derived previ~sly for bimary mUdureis in wbich the rbeology-diffiision couplings 
play a significant mie in both Fickian and mn-FidUan regimes. The transport 
coefficients are shown, in this case, to be independent of K* . In the nodmear regime, 
we fmd that the imposed overall flow causes a flow-induced anisoîmpy in the diflùsion 
behavior : the transport coefiicients become explicit fiinctions of the rate of deformation 
- 
7.3. MODEL DERIVATION 
In this we shall derive equations govemhg the time evolution of a mixture 
composed of two simple fluids (two solvents) and one complex fluid (polymer). We shall 
follow GENERIC method. We begin therefore by recalling its physical basis and its 
mathematical formulation. We continue then by developing its cea l ion  represeating 
the three-Quid mixture, 
The modehg developed in classical hydrodynamics proceeds in two stages. In the 
first stage one chooses a family of experimental observations and looks for a structure of 
the goveming equations that parantees agreement between the mode1 pdictions and the 
chosen observations. The selected family of experimental observations wnsists of the 
conservation of the total mas, momentum and energy, and the compatibility with 
thermodynamics (i-e. the observation accordhg to wbich extemally unforced systems are 
seen to reach eventually states at which their bebavior is seen ta bc well desuibed by 
equilibrium thermodynamics). In the second stage, a particular d i t i o n  ofthe struehue 
identified in the first stage is found. The realization (also d icd  a constitutive reiation) 
rdects the particuiar nature of the fluid d e r  consideration. 
Classical hydrodynamics considers only simple fluids whosè states are completely and 
u n i v d y  h i e d  by classical hydrodynami*~ fields. The sûuchire identifid in tbe 
first stage is the structure of local conservation laws (derivasive with nspect to tirne 
equals divergence of a flux). Fluids are d e d  cornplex if the classical hydroâynamic 
fields do not suffice to describe th& States. If we tbus want to foUow the two-stage 
modeling developed in classid hydrodynamics also in the context of complex fluids we 
have to find in the first stage a new s t n i d w e  that c m  be applied also for general state 
variables. Such structure is d e d  GENERIC (General Equation for Non-Equilibriwn 
Reversiblairreversble Coupling) 32-33. In the rest of this subsection, we shall recall its 
mathematical formulation. The second stage, a search for its realization expressing the 
threefluid mixture under consideration, is presented in Subsections 7.3-7.6. 
We shall assume in this paper that the system under consideration is kept under 
constant temperatun denoted by the symbol T. Let x ôe the set of state variables. The 
time evolution of x, that is  guaranteed to agree with the observecl conservation of the total 
mass, mornentum, energy, and with thermodynamics , is govemed by 
We shall now explain the meanings of the symbols introduced in (7.1). By t we denote 
the time. @ is the Helmholtz fkee energy? @ = E - TS +pN, E , S and N are respectively 
the global energy, the global entropy, and the global number of moles of the system; p 
m 
the chernical potential; - is the conjugate variable of x ( 6/6x denotes the iùnctional 
Sx 
derivative), By the symbol L we denate the Poisson bi-vector and Y(&D/Sx) is a 
dmipation potential. The GENERIC equation iatraduced in ptcvious w o b  '24' reduces 
to (1) since the temperature is assurned to be kept constant during the whole proces of 
the evotution 
We say that L is a Poisson bivector if the following is satidied: Let A and B be d 
valued îunctions o f r  We cooanrt a bndot @,BI= (E, - L- E ) w h e r e c , . i s h  
inna produ&- This bracket is caiied a Poisson b d e t  if(i) &BI= -@,A) (this mems 
tbat L is a skew symrnetric matrix, Le. b-Ljï), O the Jacobi identity 
@ , C ) A ~ ( ~ ] C ) ~ ( ( C , A ) ~ ~ ~  bddr We require moreover that the Poisson bivector is 
degenerate so that L ~ = O  rrdLEO. Fmm the physicai point of view, the Poisson 
bivector L expresses the Poisson trinematics of the m e  variables x. 
The dissipation potential Y is a r d  valued finction of 6WSx satisfjhg the 
foiiowing propdes: (i) Y(O)=û, (ii) \IC reaehes its minimum at O, (iii) Y is a convex in 
a neighborhood of 0, and (iv) Y is degenerate so that 
6E SV 
c- 
SN 6Y >=<- > = O .  A particular example of the dissipation 
Sx ' S(â0 1 6 ~ )  6x ' 6(&D l Sx) 
potential that is oAen used in applications is the foliowing: ~fl(ek(g,Mg) where 
M is a aonnegative sysmetric matrk satisfying M ~ O  , M ~ = o .  It is easy to verify 
8% 
that (7.1) implies the conservation of maey (%O ), conservation of number of rnoks 
(*O), and the dissipation inquality ( ~ - < ~ , L ~ = - < ~ , ~ ) .  
dA 
dt 
SA > that Equation (7.1) cl. l is0 bs written as an equation -=@,ab<--- 
Sx ' 6(6<0 16x) 
is required to hold for al1 sufficiently regular r d  valueci fiinctioas A. 
A parîicular rdzation of (7.1) cciasists of the foiiowing fOur steps: (i) specification of 
the state variables x, (i) specification of their Poisson kinematics (Le. specification of L), 
(iii) specification of the dissipative structure ( Le. specification of the dissipation potential 
Y), (iv) specification of the Helmhohz fi.ee energy @. These four steps are made in the 
following subsections. 
73.2 Strtevuirbka 
The system that we consider consists of two simple fluids (e-g. solvents) and one 
complex fluid (e-g. polymer). Each cumponent composiag the mixture is characterized, 
on the hydrodynamics-type level of description that we adop, by its mas density pi and 
by its momentum density Ui (i=l,2 for the two simple fluids and i = p for the polymer). In 
addition, the interna1 structure of the complex fluid component is chosen to be 
charactnized by either the configuration space distribution fiurction y@, r, R) 3s (t is 
timq r is the position vectw and R is the end-ta-end vector of the polymeric chah) or its 
second moment m, called a conformation tensor (a second order symmetric and positive 
definite tensor). 
FoUowing the viewpoint that we used in the two-fluid models 18, the mixture is 
regarded in the three-fluid mode1 as a system whose set of state variables x is given by 
if \y is used to characterized the intemal stnicture of the polymeric componeat, or by 
if m characterizes the internai structure of the polymeric wmponent. As in the two-fluid 
modei, we introduce new cootdinates in the space of state variables by 
where p is the overail mass density, u is the overail momentum density, q is the mas 
fiactions of the i-th c o m p a v d  and ri stands FOT its relative momentum density M. We 
will show in the forthcoming tbat the relative momentum density defined above 
coincides exactiy with îhe m m  flux density relative to the local mass-average velocity '% 
'*. n e  transfonnaîion (7.4) is completed by 
where w, designates the relative momentun density of the polymer. nie set of the state 
variables becomeq mder the ttansformation (7.4), 
which cortespond respectively to the expresslreSSlons (72) and (7.3). In the foiiowhg, we 
aim at deriving the Poisson kinematics ofthe state variables (7.6) and (7.7). 
The nondissipative (Poisson) stnicture which constitutes the second step of the 
GENERiC algorithm is embodied in the Poisson bivector L. For convenience, we write 
the Poisson bracket for the sets of state variables (7.6) and (7.7) as a sum of two 
contributions 
The superscript ((dm designates classical fluid mechanics and the superscript (is) stands 
for internal structure. The tint term on the right hand side expresses the (Poisson) 
structure of the three components (regarded as simple fluids) and the second term on the 
right hand side expresses the Poisson structure expressing kinematics of the internal 
structure of the third componeni; 
X:&IS/h, where X = 4 B; ui is tbe i-th component of the vector variable u, etc. , A o 
B represents tbe same as above but with A and B interchanged- The intemal-structure 
contribution to the Poisson bracket is 
if m is chosen as the internai state variable. The brackets (7.8)-(7.11) are derived in the 
same way as the similar brackets have been derived in the context of tbe two-fluid modei 
in '*. We briefly recall the derivation. We begin by writing the well known Poisson 
brackets for the state variables @i,u1), @r,u~) and (p,,& " and for the state variables * 
and m 40. TO obtain then the Poisson bracket (7.9), we use the one-tone transformation 
(7.4) and the fact that under a one-twne transformation a Poisson bracket transfonns 
into another Poisson bracket. 
Each solvent, a stnictureless fluid, contributes to the dissipation phenornena by its 
own matrix of viscosity coefficients representing its response to the overail and relative 
motions. The polymer is a cornplex fluid whase mechanical defonnations are 
Mscoelastic. The relative momenta al and w2 are not wllsefved, their dissipation 
involves a drag term accounting for tbe reiaxation produceci by the fnction between the 
components. 
Silarly as we did in the prcsentation of tbe Poisson sbuctun (see (7.8)) we write 
the dissipation potential as a sum of two potentials 
The intemai structure contribution is 
if(7.6) serves as state variables and 
if (7.7) serves as state variables. in (7.13)-(7.15), we use the following notation: 
and 
The superscript or subscript '%" stands for ''bulk". It is easily seen that the dissipation 
potential(7.12) satisfies the pmperties listed in Section 7.3.1 if (7.19), (7.20), (7.21) are 
symmetric and positive definite matrices and r and X are positive. The physical 
interpretation of these quantities wiil be discussed in the context of the goveming 
equations in the fbllowing subsection. 
7.35 Evdution Equrtions 
By inserting the above Poisson bracket and dissipation potential into (7.1) we 
obtain: 
(7-23) 
if y is used as the intemal structure state variable and 
if m is used as tbe intenial sùwhm state variable. 
In the rest of ihis sectiou, we shall explain the meaning of the symbols that bave 
not bmu qlained before and comment about tbe physical meanhg of the ternis 
appearing in the above time evolution equations. 
The fht equation in (7.22) expresses the global mass conservation. Since the fiee 
energy O involves ahvays the t m  jdr - , wbae p is thc constant overaii murs [:Pl 
density, (this term is a part of the kinetic energy) then a, = v = uip is the overall 
velocity. 
The second equation expresses the conservation of the overall momennim, p 
stands for the hydrodynamic pressure given by 
if q~ is used as the internai state variable and 
if rn is useû as tbe intaail state variable; 5 is the density of b (i.e. 8 = dr@ ), and a 
is the overail extra stress tensor given by 
k] =qvx.@-Vbv:.@ 
q and q b  are the matrices (7.19), (7.20) , and 
if yr respectively m is used to descrii the intemai structure of the polymeric fluid The 
first rem a("'") in (7.27), which arises form the Poisson brmket (the reversible part of 
GENERIC) as a consequence of the use of the three-Buid-rnodei, is the difision 
contribution to the extra stress tensor. Surnrning up, we see that the second equation in 
(7.23) couples the flow, the difltllsion process and deformations of the interna1 structure 
of the cornplex fluid. Well studied eXpenmentaüy are the effects of such wupling in 
binary semidilute soiutions it bas been revealed by both ligh scaüauig and rheology 
emperiments that the flow causes the development of stnicnires and stresses dier 
imposing a simple shear to homogeneous solutions. For iaslance, in the semi-dilute 
solution of plystyrene (PS) with dioctyl phthiate @OP), twa ovcrshoats wece detected 
in the shear and mtmal stress d u e s  upon imposiDg a high shesr rate '. In addition, Li& 
scattering measurements fbr these systems exhibit s e d  int- féatum as îbr 
example the so-called ' buttedIy' pattern " wbich bas been identitied to c o q n d  ta 
the seconci oversboot and to i ts time evoiutioir, Tbe physics h a î  is behind these 
phenornena bas been understood to be mainly due the elastic chmcter of the entangled 
polymeric chahs in the semi-dilute reghe, Less invesrigated is the direct influence of 
diaision on the flow. The qudmtic sm<ar a("), even if thsy are generaiiy smaU 
(quaâratic tenns), may bring signifiant changes to the behavior of the flow particularly 
in the parameter regions where the fluctuation of the concentration are significantly large. 
In semi-dilute teniary mixtures, new complex phenornena are expected to occur due to 
the cross coupliag arising mong the diffiision f h m s  in addition to their couphg to the 
elastic deformations of the internai stmcture. Notice that the analogical contribution, 
I@, , arisiag in the momentum balance equation is a part of the stress tensor but does not 
contribute to the extra stress tensor ( see the first term on the right side of the second 
equation in (7.22)). The second tenn in (7.27) is the dissipative Navier-Stokes-like tenn 
that combines the contributions arising due to gradients of the overall and relative 
momenta. Mormver, this tenn is a sum of two parts, one of which stems only fiom the 
butk deformations (the second temi on the Rght hand side of (7.29)). The third 
contribution to the extra stress tensor anses in the internai structure of the polymeric 
component. 
The third and fourth equatiom in (7.22) are the equations goveming the time 
evolution of the mass fiactions ci and Q. From these equations, we idente the mass 
fluxes to be: 
or in the matrix forrn 
where 
d J = (  J ,  <O,.=(@ -,., ~,,,m)T.NdctbltthcrmtmAissymmcbiciad 
rhit detA=$c,cyp rO (c, =1-c,-~~istbepolymamarrfncton). 
The fifth and sixth equations in (7.22) are the equations governiag the tirne 
evdution of the relative momenta wl and nt. Each of them involves the vorticity tensor 
the dissipative Navier-Stokes-like terms arising due to gradients of the overall and 
relative momenta, and the nondissipative intemal structure contribution 
if is used as the state variable and 
if m is used. It is important to observe that these two equations involve explicitly the 
gradients of the chernical potenti*als of the three components wmposing the temagr 
mixture 0.e. the third and fourth terms on the right hand sides of the wl and wz 
equations). We will show in the next sectjon, when studying the asymptotic solutions 
(the appmach to eqwlibrium), tbat these terms turn out to be essentiai for giving rise to 
bath the main and the cross coupling phenornena in the m a s  diffision fluxes of the two 
components. We emphasii that these coupfiigs arise fiam the Poisson side (the 
reversible part) of GENERiC and thw emerge natdly  in the goveniing equations 
without any assumption. The k t  three terms in these two equations express the 
dissipation. 
The rernaining equations in (7.23) and (7.24) describe the time evolution of the 
internal structure. We bave shown that, in the case of pure diffision (i.e. if no extemal 
flow is applied) of a solvent in a polymer that can swell, the terms involving the relative 
velocity, Le. a,, try to extend (swell) the polymer network ". A similar situation is 
expected to arise also in the wntext of two solvents. The swelling will remain finite due 
to the presence of the relaxation recovery of the network expressed in the last term on the 
right hand side of the internal structure governing e~uation. This appears clearly in 
particular in the m-equation. The last term in tbis equation, accounting for dissipation, is 
a higbly nonlinear tenn in m. Tbe chaice that we made for this term is supported by the 
fact tht for smill dumion times r of the i n t d  structure ( A  = ]/(TG), G is the elastic 
modulus of the polymer network) we recover the Newtonian regime. k is generally a 
tensorid quantity, especially in media where anisotropy effects become more significant- 
For simplicity, we chose it here to be a scalar f i idon that may depend ,arnong otbers, on 
concentrations of the two components, 
We recall that the governing equations (722)-(7.40) have been introduced above 
as a particular reahation of ûENEWC (7-1). They involve quantities, namely the fiee 
energy and the kinetic coefficients inîmduced in the dissipation potential, that still 
remain unspecined. We Wl denote them by the symbol p represeating the parameter 
spaœ of the famïïy of the equations (7.22X7.40)- 
Having d&ed the goveming equations, we can now look iuto their conseQuences 
that cm be compared with experirnental observations. This task will be tbe subject of the 
next We shall see that this type of analysis provides also an insight iato tbe 
physical interpretatioa of the kinetic coetlicients. 
Another interesting problem that we may look a is the problem of relating the 
governing equations (7.22)-(7.40) to the goveming e~uations of a more microscopie 
theory. For example, a theoy in which the States of al1 molecules composing the fluids 
under consideration are used to descni its tirne change behavior. Hem, we shall only 
recall an interesting paper of Beannan 42 in which the molecular-theory buis of diffusion 
is discussed. Bearman has introduced in bis analysis the 6idion coefficients 5; by 
P~N', a,ri = -2--c;(via -vp) where is the chemicd potential per unit mass of the i- 
j MjMi 
th component, NA is the Avogadro's number pj and Mj denote the mass density and 
molecular weight of the component j, respectively. VI is the velocity of the component i. 
Sbaightfonvard calculations then lead to the following relation 
between the kinetic coefficients AG introduced in (7.21) and the d c i e n t s  cqrelated to 
therefore also As satisfjr the symmetry property required in GENERIC. 
7.4. AWMFTOTIC SOLUTIONS 
We begin now to discuss solutions to the îMly (7.22)-(7.40) of the thne evolution 
equations and compare them with results of experiments. We start with properties that 
hold for al1 points in the parameter space p. Gradually, we shall proceed to properties 
thet hold only for some regions in p and, eventudy, study numerical solutions that 
require a specific choice of a point in p. 
7.4.1 Compatibiiity witb Equiiibrium Tbermodynrmiu 
The fist experimental observation with which we compare solutions to (7.22)- 
(7.40) is the following: Let the system under consideration be left fhe of extenial 
influences. Under these conditions, the system is observecl to reach (as t+) a state, 
calleci a thermodynamic equilibrium state, at which its behavior is found to be well 
described by equilibrium thermodynamics, This observation is in fact an observation of 
the b a l  stage of the difision. We thus want: (i) to ideatifjr thermodynamic equilibrium 
states in solutions of (7.22)-(7.40), (ii) to prove that these states are approached as t+, 
and (iii) to identify the fundameatal thennodynamic relation impîied by (7.22)-(7.40). 
To solve these three problemq it is enwgh to recall that (7.22H7.40) have been 
inttoducui as a parîicular reslization of GENERIC. The GENERlC stnidure itself 
p u m e e s  that: ( i )  thermodynamic equilibrium states, denoteci a , are solutions to 
x is either (7.6) or (7.7), (ü) the thermodynamic equilibrium States a are approached as 
t + m  ( this is proven by showhg that the h c  energy @ plays the role of the Lyapunov 
fitnctian assaciaiecl with this approach), and (üi) the fbdamental thermodynamic 
erpuation of state implied by (722)-(7.40) is 
where T is the thennoâynamic temperiiture, V is the volume, and f is the equilibrium 
thermodynamic pressure. Al1 the above three resuhs are proven fbr ail points in the 
parameter Spa= @. 
in the previous subsection, we have looked at the final outcorne of the difision. Now 
we tum our attention to the diffiision itself. We begin by the foiiowing well known 
observation: If the polymer component is replaceci by another simple fluid or if the third 
component is in the mbbery state tben the observed diision process is well describeci by 
a model '"'* tbat gendizes Fick's modd C h  objective in this section is to rewgnize 
the region in g in which solutions to (7.22M7.40) are well approximated by solutions to 
the goveming equations of the gendized Fick model. 
if A+ -1 or ï »1 then, as it foIlows fiom the equations in (7.23) and (7.24), the 
internai structure equilibrates very rapidly- We can thus assume that we look at the 
diffision process already at the stage when the interna1 structure is equilibrated and as 
such, it does not participate actively in the dasion process. If, momver, we look at the 
region in p in which Ai » 1 and A, » 1, ij =1,2, then we can put dw, / dt = O, 
dw, Idt = O. if in addition we ignore the quadmtic terrns invohring ni and w2 in the nAh 
and the sixth equation (722) and the term invoIving the me of sb.in ue = &,/&a we 
anive at 
where A and A are the matrices defined abave (see (7.21) and (7.35))- Written explicitly, 
(7.44) becornes 
By resalving îbese equations for Q> and , we &tain 
"1 "2 
For the sake of simplicity and because we are interestai here more mcuiariy in the 
difision process, we have negiected t m s  involvhg cp, i=l,2. S i n a  
deîA = A,A, -(&Y > O, îhe mat& A is invertible. hserting (7.47) into the 
expression (7.34), we obtain the mass flux 
which, after an appropriate rmangemenî, becornes 
w here 
and 
We see clearly tbat the matrix S1 is symmetric (since both A and A are symmettic 
matrices) while the matrix D of the difiion coetiicients is not symmetric. if we write 
explicitly the mass density fluxes as fiinctions of Dij, expression (7.50) becames 
where the coefficients of the ma* D are @en by 
DI) = - 
det A W.% (%lT.?,e] 




D, =- det A [c:((1-c2h1 *q~~,(--') - 2 2  + c 2 h 2  ] 
a' TJsz ae2 T.P.q 
(7.55) 
In (7.55) we have used 45 
Mi is the chernical potential per molecular weight of the i-th wmponent, and O is a 
rderence vaiue chosco a the pure state. qc, is the partipartial derivative of the i n t d  fn+ 
energy density with respect to the mass &action of i-th component. Note also that 
&A =A1A2 -(A,~>o (set Sdm 7.3.4). R are the main (priacipai) dfisi011 
coefficients d Dij are the cross diffusion coefficient- We recd that these coefficients 
bave been calculatexi in the reference b e  moving with the center of mass In otâer 
refetence fiames, these coefficients assume a dEerent form. The transformatioos 
involvexi can be easily fouad fbr aample in m38- Tb, fonnulas for the d m o n  
coefficients expressed in tenns of the fiidon coefficients (Le. if expressions (7.41) are 
used to express A* in terms of the M m  coefficients) an presented in Appendk 
Notice that the diffiision matrix in this iiiear r e g h e  is independent of the flow. We also 
note that the diatsion caefncienîs (7.53) reduce to their counterpart D in a b i i  
niixture, 
Surnming up, the goveming equathns of the generalized Fick's mode1 are: 
the four equations in (7.22), 
the mass hixes (7.53) and (7.54) 
Now, we would like to see whether tbe approximations used to p a s  fiom (1.22)- 
(7.40) to (7.58) do not destroy the intrinsic compati'bility of the goveniing equations with 
thermodynamics. We shall therefore show tbat Eqs.(7.58) represent a particular 
realization of GENERIC (7.1). if we succead then we indeed prove that the GENERIC 
structure has been preserved. 
We recall that in order to find out a realhtion of (7-l), one has to: O identfi the 
set of the state variables x, (hi ûnd tbei Poisson kinernaticq (iii) speciQ the dissipation 
potential, and (iv) specifj. the fke energy. We begin by chmsing the state variables 
xfidL ( p(r), u(r), cl(r), Mt) ). Tbcir Poisson kinematics can be eady obtained fiom 
(7.10). We note that if we reStnct the fiuictions A and B in (7.10) to those that depesid 
oniy on xm) îhen (7.10) duces to the Poisson bracke 
Next, we introduce the hiiowing dissipation potential: 
and 
Except the tiee energy Q, that is still lefl undetermined, we have now specaed all wbat is 
needed in GENERIC. We c m  thus write down the governing equations. It is easy to 
verify that by inserthg (7.59)-(7.62) into (7.1) we indeed arrive at the govanhg 
equations (7.58). 
We emphasize that the observation made in the previous paragraph proves that 
Eqs(7.58) are a particular realization of GENERIC and are thus compatible with 
tbermodynamics. Equations (7.58) do not need the Eqs.(7.22) to justify them. The 
derivation of Eqs.(7.58) from Eqs. (7.222, presented at the beginning of this subsection, 
provides however an additional information. We see now, in the contexi of the more 
microscopic theory ptesented in Section 7.3, what is the domain of applicability of the 
generalized Fick theory. We bave aiso shown how the maüix of difhsion coefficients D 
is expresseci (see (7.51)-(7.56)) in terms of the quantities introduced iu the dissipation 
poteutid of the more microscopic theofy (see (7.12)-(721))- 
Soivents are seen to propagate in giury polymers as shock waves -. Sice Sb& 
waves always involve large gradients, we oonclude tbat exjerimental observations of 
anomalous diftiision motivate a closer look into the role that the first and higher order 
gradients play in the diision process. The forrnalisrn of GENERIC offm a particularly 
appropriate setting for making this investigation. 
Following the idea that has been first intmduced by Cahn an  ill liard^', we let the 
î?ee energy @ depend on gradients of the solvent concentration. Everything that we did in 
Section 7.3 remains uncbanged except that the fùnctional derivative 6/6x has to be now 
replaced by the variational derivative 6 / Sx - B - .This then bnngs about changes w, x) 
in the goveming equations. Here, we shall work out explicitly the changes only in the 
context of the GENERIC setting of the Fickian diffision (7.59)-(7.62). 
It is easy to see tbat the new tenn in the equation goveming the time evolution of u 
is: L [-û.(~,)û,(@~~(~,,)] which, as it can be directly vefiedy equals 
k I . 2  
the scalar hydrodynamic pressure, the second term implies that a new elastic part of the 
extra stress tensor 
aises. The mixture thus behaves, h m  the rheological point of view, as a viscoelastic 
fluid even if al1 the fîuids cornpashg the mixture are simple ( i.e. withaut an internai 
structure). Also the expression (7.50) for the mass flux changes. The derivative cp, 
kcomes the variaîiod derivative psi -a,(~~,(~, ,) ,  i = 1,2. This then dm bringr into the 
goveming equations the higher ordergradienta 
We shall mw show that the dependence of the tiee energy on the gradients of 
concentrations, that we have so far introduced phenome~)logically, arises as a 
conseQuence of describing the Fickian difiùsion in the context of the more microsoopic 
setting of Section 7.3 (that involves also the relative moments). 
The ûee energy, on any level of description, has to iavolve always the kinetic 
energy. In the setting of Section 7.3 we thus d e  
where the first tem repremts the kinetic energy. We have used in (7.64) the following 
notatt-on 
1-c, 1-cl 
a =  b =  and d = 
1 (7.65) 
c,$-cl -c2)' ~ ~ ( 1 - c l  -c2) (1% 4 
The term involving u expresses the overall kinetic energy, the terms involving wi express 
the relative kinetic energy that stems 6om tbe relative motions ôetween the the fluids 
composing the te- mixture. The last term designates the Helmholtz k energy that is 
independent of velocities; cp is its deasity. We mw derive some coosequences of the 
choice (7.64). 
F i  we note tbat ifwe insert (7.64) into (7.32) and (7.33) we obtain 
The mass flux of the i-th component co'uicides tbus exactly with its relative momentum 
density. Second, if we insert (7.53), (7.54) and (7.67) into (7.64), we obtain the îhe 
e ' m Y  
(7.67) 
that includes terms depding on gradients of the concentrations. In (7.67) we have used 
the foUowing notation: 
We have omitted the dependence of cp on m since we consider now only the Fickian 
das ion  in which the independent variables are (p, CI,GZ, u) and the fact that the mixing 
part is larger than the elastic part in the fie eaergy. if (7.67) is resüicted to biaay 
mixtures then the second tenn, we shall denote it by the symbol@"'), becornes 
Similar expressions for tbe h e  energy have also been used in io,i~,is,is, w 
Now we tum our attention to the quadratic elastic stress tensor a" &en in 
(7.28) and discuss how the Fickean regime modifies it. This stress tensor, as discussed 
previoudy, is the sole term arising in the wimentum balance equatioa that brings tbe 
direct influence of the difkion process on the b w  behaviot. Inserting (7.47) into (728) 
we arrive at 
which is the extra stress tensor with the dasion process and the 
concen~on  fluctuations. We see thus that even if al1 the three components are simple, 
the difision process d e n  their mixture to behave, fiom the rheological point of view, 
as a viscoelastic fluid. The viscoelastic extra stress tensor is guadratic in the gradients of 
concentrations. This does not follow h m  the derivation of the Fickian difision 
presented in (7.59)-(7.62). We have however seen th we can amve at the extra stress 
tensor of the type of (7.70), even in the contact of tbe derivation following (7.59)-(7.62), 
provideci we let the fiee energy to depend on gradients of the concentrations. 
7.4.4 G t n e n l i  N o n - F i  Dütiuion 
As in Section 7.4.2 we shdl stiil assume that Ai » 1; Ag » 1, &j=lJ) 
K* cc 1, dwl/atLaO, ûwdât=û (Le. that w,mdw, evolve rapidly towards equiiibrium) 
but we shall keep the influence of the internai stnicture. Under these assumptioaq the 
f3th and the sixih equatioris in (7.22) imply 
From these expressions we then obtain, after straishtforward caiculationq 
In addition to the four =fficients that have already an'sen in the Fickian mass fluq four 
other new d c i e n t s  &se in the viscoelastic mass fluxes. The first two are second order 
tenson 
(7.75) 
and the remaining two are d a r  hnctions of the mass fractions of the solvents. 
De are defineci above in Eq. (7.55) but the chemicai potentiais inciude now the intemai 
stnicnire contn'butions and are given by 
Notice that due to the fact that the internai Helmhohz fiee energy c m  be written 
asasumofamixingpartmdaneLpticplrt,i.e., p=q(-)(~,,c2)+Q(dP)(~1,~2,m), the 
chernical potentiai for the i-th wmponent can be recast into the fom 
pi = pl (c,,c,)+ pi<*. ( c , , ~ ~ ) .  Collsequentiy, the diffision maüix is a mm of two 
contributions, Le., D, = D, + D,, . Batb 4, and D* are given by the expressions 
apmng in Eqs. (7.55) except that bere, pi is r e p l d  by p p  in the expression for 
D~. and by &' in the expression for Db. nie matrix D, of diffision coefficients 
depends explicitly on the state variable m describing the interna1 structure and is 
understood as the cooperati've difision mabix. in binary mixtures, it reduces to the scalar 
cooperative diffision coefficient D, = 
Next, we tum ow attention to the second t m  on the right hand side of (7.65), 
i.e. to the part of the kinetic energy associated with the relative motion, If we replace wl 
and w2 by the expressions impiied by (7.73)-(7.74) and in view of (7.67) we arrive at 
The first term on the right hand side, given in (7.67), expresses the mntniution of the 
Fickian concentration fluctuations of the two solvemts. The second tenn in (7.82) 
accounts for fluctuations of thc interna1 stntdiire and fOr non-IOcal effect~ It arises only 
in the viscoelastic regime and can be regarded as representing the viscoelastic non- 
Fickian fiuctuations of the compIex mimue caused by the pramce of the polymeric 
chains. The multiplication factors involved in the second part of (7.82) are given by 
We bave used the symbol d' to denote the Ficician mass flux density of the i-th 
component defined by (7.53) and (7.54)- Notice that the secoad tenn on the right hand 
side of (7.82) disappears in the absence of the solvents. This is obvious fiom the 
expressions (7.83). We thus see that the i n t d  sûucture of the polymer fluctuates only 
due to the motion of the soIvents. 
Summing up, we see that if we testrict the investigation to the region of p in which 
A, >> 1, ij =l,2, K* <c 1 ( the gradient of overall velocity are smU) we can wnte the 
@ (7.26) detemllning tbe hydrodynamic pressure p 
Eq. (7.3 1) determiniag the extra stress tensor in tums ofm 
Eq. (7.24) detennining the the  evolution of m ôut in the linau regime. 
Eqs.( 7.82),( 7.83) detennining the fhe energy. 
7.4.5 Coupüng witb the Ilow : K,, > 1 
As in Section III.4, we shaîl still assume here that 4 » 1, 1\, >> 1, (i,j=1,2) 
ûwl/W, ûw&bû, but we shall keep, in addition to the influence of the i n t d  
stmcture, aIso the influence of the gradient of the overail velocity K~ . Under these 
assumptions, the fiAh and the sixth equations in (7.22) imply 
Using the expression (7.64) for the energy, the relative momenta of the hwi solvent 
becorne expressible in terms of their wnjugate variables as 
Rearm@ng Ecp(7.86) in terms of b,,, @,,;.,rand in view of (7.87). an obUm 
where the tensor coefficients arising on the lefi hand side of (7.88) and (7.89) have the 
following expressions 
They are a sum of the isotropie part involving the coefficients of the matrix A d&ed 
above and the non-isotropie part depending explicitly on the rate of strain K* and 
expressing thus the influence of the flow. It is cleu form (7.90) that if K~ cc 1,  the 
analysis developed in Section (7.4.3) is recovered. Solving the cons (7.88) and 
(7.89) for (a*, q, p, and in view of îhe expressions Tor the di-n mas fluxes 
(7.32) and (7.33), we anive at the following equations 
The d'ision flues involve non-isotropie transport matrices D*, and E'. Th& 
expressions have the same fonn as in (7.55) (7.75) and (7.76) respectively but now the 
(2x2) matrixA (with scalar d c i e n t s )  is replaced by the (6x6) matrix A* with 
d c i e n t s  given by the expressioas (7.90). The anisotropy brought about by the 
matru~', via the gradient of velociîy r*, introduces animtropy hto the d i i i o n  
matrix D, which becomes now a tensorial quantity. Even in the absence ofthe interaal 
structure contnition to the fluxes (e.g. in simple fluids for instance)? diffision behaves 
anisotropically and other non-zero dBÙsion fluxes are created via the off4iagonal 
d c i e n t s  of D*. Moreover, the transport coefficients Ki and K2 (see (7.75)) and El 
and E2 (se (7.76)) are found to k also - d u e n d ,  due to thi dependence on A*? by the 
flow and becorne consequently higher order tensors. Their modulus is seen form the 
expressions to be diminished by the applied flow. This means that the transport 
coefficients rneasured under no applied flow difision will have greater values than their 
counterparts mea~u~ed under flow. Such a difference is expected to be significant in the 
particular case when the shear rate values are larger than the tiiction coefficients. 
The discussion presented above becomes more transparent in the simple case of 
binary mixtures submitted to a flow (if the simple component 2 is absent). The temary 
transport tensors reduce to the following binary transport tenson as 
Such expressions to the best of our knowledge, have not been reporteci More. What is 
new in tbat binary mixtures, or more generaüy multi-componeut mixtures, subjected to 
flow is tbat the transport d c i e n t s  becorne dependent on tbe gradient of the applied 
velocity K* and coa4epueatty the diniision becornes anisotropic. In summary, the non- 
linear behavior of tbe ternary mixture in the non-Fickean regime is described by the 
following governing equatjons 
Eq. (7.26) determinhg the hydrod-c pressure p 
Eq. (7.3 1) determining the extra stress tensor in t m s  of m 
Eq. (7.24) determining the time evolution of m. 
Eqs.( 7.82),( 7.83) det-ning the &ee energy. 
Eqs. (7.92), (7.92) detennining the mass fluxes. (7-96) 
Next, we tum our attention to Eq.(7.24) , i-e., the equation goveming the time 
evolution of m. F i i  we shail assume, as we did in Section 7.4.3, that and show 
that we recover fiom (7.24) the Newton expression for the exmi stress tensor. If 
2, » 1 (i-e. if th elastic effects are ncgligible) then we put in (7.24) dm* / i3 = O and 
kn =r 8 ie = -m a (Q )+ m,ap, + m,ap, 
+ m d ,  @ Tk P ,  % )-m,a,b, 1-%a, b,) 
+ m,a, b2awV )-m,aTblaw, 1- m , ~  (c2@,) 
which implies 
1 x = ]/(TG) = - is the polymer viscosity. Sice, following ow terminology, 
q, 
d Y  = ( )  we i n d d  recover, if we ignore the solvent contribution and quadntic 
temq the classical expression for the Newton extra stress tensor. However, we see that 
the buk viscosity and the shear viscosity of the polymer, both overall and relative, appear 
to be identical. This is because we have assumed that h is a scalar. In order to anive at 
different buk and sbear viscosities we have to take into account the anisotrow of the 
polymeric medium. Such an improvement can be accomplished by considering the 
parameter A to be a temot. In such a case (7.98) would indeed imply different shear and 
bulk viscoshies. 
Now, we shaH not assume that 5 »1 and consider Eq.(724) in its entirety. In order 
to make our discussion more explkit, we shall now specify the 6ee energy. Fïrst, we tum 
our attention to cp iniroduced in (7.64). We fecall that 
The 6rst tenn on the ri& hand side of (7.99) is the ike en- of mixing between the 
three fluids It is usually chosen to be the fàmiiiar Flgr energy expression %. Tôe second 
term is the internai structure contriion. In order to specify it, we have to introdua a 
mode1 of the polymer mammoleailes. The simplest such mode1 is to regard the 
macromolecules as Haokean dumbbells. This may seem very simplistic for discussing 
cornplex problems such as those related to the concentration fluctuation ia shwed 
potymer solutions. Since in such a case the polymeric chahs may becorne highly 
entangled and a constitutive equation for the extra stress tensor and thus an appropriate 
expression for the elastic free energy are requhd An adequate choice certainly lies in 
empbying the Doi-Edwards modd derived h m  the reptaîion theory ". However, in th* 
subsection, our aim is to show how the tirne evolution for the intemal structure d e s c n i  
by the deformation second order tensor m, transforms in tems of the polymer extra stress 
tensor q and how it is strongîy modified by the relative motions of the other comporrents. 
Thereby, we limit the expression of the elastic fiee energy to the following fonn 
1 9) = -~,(tr* -ln det S) 
2 
m 
We have used the dimensionless quantity 6 = - , m,, = k~ T/H, where H is a 
mo 
characteristic elastic constant, k~ is the Boltzmann constant, T is the thenndynamic 
temperature, and Go is the elastic modulus. if H aad Go are constants independent of the 
concentrations then the h e  energy (7.100) is not suitable for discussing the swelling. We 
have shown in ", in the context of one solvent, how to di the frtc energy of the type 
(7.100) in order to arrive at a setting appropriate for discussing the swelling effects on the 
diffisian proces. The methcd developed in " çan be ~eneralired to tbe mixture 
involvhg two solvents. In this papr, we shail not however make tbese modifications. 
The chice of the fne eaaey (7.100j aiiows us to rewrite (796) into a more 
expiicit form. Using (7.3 l), Eq.(7.100) implies 
To simpiify the notation we sbaü omit hereaffer the superscnpt (is) denatmg the interd 
stnichire. Eq- (7.102) constitutes a one-twne transformation b a n  a and S, and B 
can be tbus expressed in tenns of a as 
( [ w l ~ + z r ) )  (9 w * + w 2 @ )  - + b,o+ c Mi ,-,ad = -a, a, 
dt P dl-cl-c,) +""% p-dl-c, -c,) 
(7.104) 
u 
We note in particular that in (7.104) it is not the complete applied velocity v =- that 
P 
U W1+W2 influences the polymer. It is rather v, = -- that acts directty on the 
P dl-% -4 
polymer chahs. 
In this paper, we have exteaded to leniary mixtures (of two simple and one 
wmplex fiuids) the d y s i s  ofdiaision ad rbeology that we have developed previousiy 
in '' fM b i i  mixtum (of one simple and one cornplex fluids). The time evoiuîion 
equhns (7.22H7.40) derived ia this paper extend directly the equatioas (4.61)(4,75) 
derival in ". Our aim is to provide. a scaing suitable for studying cornplex pbeaomena 
that arise ody in rnulti-component mixtures (e.g composition changes caused by cross- 
couplings mng dision proc~sses and the o v d  flow). The quantities cbosen to 
describe statcs of the t a m y  mixture in our mathmical formulation are: the overall 
mass density and momentum, concentrations of two compoizeats, two relative momenta, 
and the configuration space disûibution fùnction or tbe conformatio~~ tensor describing 
the i n t d  sûucture of the polyrneric component. 
The general strategy tbat we use for writing dowu the goveming equation is  the 
m e  s, the one we bave uxd in '! W e  begin with a gaenl fiamework (GENERK) that 
by itself guarantees agreement of solutions of the goveming equations with results of 
certain basic experimental observations, h the second stage, the fiamework is filled out 
with the physical insigbt expressing the individual f m  of the system under 
consideration. Advanmges of this -stage d e l i n g  appear even more clearly in the 
contai of more amplex te- mixtures than they a p p d  in the wntext of binary 
mixtures. 
Having derived the govdng equations, we proceeâ to solve them and compare 
the solutions with results of experimentd observations. 
F ' i  we tum our attention to the observation according to which ternary 
mixtures, if lefi without the inauence of externat forces, reach a state, called an 
equilibrium state, at which theu bebavior is seen to be well descnbed by equilibrium 
thermodynamics. We are then also interesteci to fiad out what is the findamentai 
thmodynmic relation implid by the govemîng equations. One of the advamges of the 
two-stage modelia8 that vue have khwed is that the agreement with tbis expimental 
observation is  guaranteai. We also b w  the îûmiamentai themdynamic equation 
implied by the time evotutian equations. 
Net, we bm looW tûe prniailrsitdon in which the htaiul  stmchre as 
welî as the relative momenta evoive much mer than the rest of the date variables. Ifthis 
is the case then the diision process is expaimentalIy dsmd to tbilow the generaliEed 
Fickcaa description, which we show to be deed  implied by the governiag equetions 
(7.22). (7.40). Since we consider systemticaliy also the time evoluthn equation of the a 
overail momentum, we derive also tbe theology Unplied by the diftiision. We show that 
the mixture is viscoelastic due to the diffwion even if ali the components are simple 
inelastic fluids. The elastic part of the stress tensor appears to be quadratic in the 
gradients of concentrations. We have aiso shown how the kgber order gradients arise in 
the Fickean diision and how they translate into th viscoelastic rheological behavior, 
Second, we wnsider in this paper the situation that corresponds, now in the 
wntext of ternary mixtures and the preseace of the overall flow, to the situation 
previously described by the classical non-Fickean models 9"0 in b inq  mixtures. Onfy 
the relative momenta evolve faster than the rest of the state variables. This means that the 
time evohition of the interna1 structure of the polymeric component stays in the model 
only the relative momenta becorne dependent state variables. In this way, we amive at the 
governing equations that directly extend (to include thtee components, an overall flow 
and thus rheology, and the internai structure in an explicit way) the goveming equations 
of the classical non-Fickean models derived preMausly b r  binary systems. 
In the first and the second points summarized above, the gradients K* of tbe 
overail velocity are regardeci to be too small CO contribute to the asymptotic solutions of 
the time evolution of the difision mass fluxes. In that case, the calculated transport 
coefficients can be regarded as independent of the flow effkcts. Thetefore, their values in 
systems undergoing flow cm be deIy approximated by their m d  values in the 
absence of the flow (i.e., obtained by the c)iemical difision measurements). In the final 
point, we have discussed the non-linear regime in which the gradients x4 of the overall 
velocity are not too snall to be ignored. We have showed tbat the transpor~ d c i e n t s  
(cooperative diEîùsion tensors, etc.) depend explicitiy, in this non-linear regime, on K* . 
Even in simple fluidq the dcients  of the' diftiision maüix D become second order 
iemor Do, 4 the flow induces MDbopy in tbc picasr of diBision. Tbe non-V1113i5hlllg 
offdiagonal coefncients of D' give rise to additional non zero-components of the 
diffiision mas flues. 
In the following paper, we proceed to a more detailed anaiysis (mluding the 
numerid results) of solutiom to the goveming equations (7.22X7.40) in the absence of 
overall flow and to the cornparison of the solutions with experimental observations of the 
difision processes. 
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The deteminant oftbe matrix A given by (1.21) is  expresseci in tenns of Q as 
d e t ~  = P2îk_kSik* + d ~ t ~ i p  + c ~ J k  O (AT. 1) 
where c, = 1 -cl - c, is the polymer mass W o n .  The dithsion coefficients c m  be 
d e n  as fiindians of E, 
- 
The first two are second order tenson @en by (7.75) are 
T b  panuneters El and E? expressed by Eq.(7.76) are 
in case of a binary mixture consisting of a solvent and a polymer, we find out that 
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8.1 Abstrrct 
We have derived a new mode1 suitable kr dwrcfibing both standard and non- 
standard isothesmal difiùsion into twbsoldpoiymer ternary mixtures d e r  no overall 
flow and in mechanical equilibrium. The state variables are chrwen to be: the scalar m a s  
fiwtions cl and cz of the two simple fluidq th& vectors mass fluxes ni and wz and a 
second order symmetric teasor m characteritin8 the d e f o d o n  of the intemai stnictune- 
The indiaal  features of the mudwe unâer cansidaation are expressed in the f i e  
energy and in the matrix of relaxation tirnes. Solutions of the governjng equaîions are 
d i s c u d  in detd by using both adytical considerations and numerical analysis. 
Propagation of linear wsves of the solvents is investigated analytically and explkit 
formulas for the phase velocities and the attenuati*on intensity are provided. In the high 
fieguency limit, the waves are f o d  to propagate with constant, îrequency independent, 
velocities. Detailed numerical solutions are fiiuad and compared with results of two types 
of experimental observations: (i) tneasurements of the pervaporaiion process of toluene 
benzene mixture by a poly(ethy1ene terephthalate) rubbcry membrane, and (ii) 
measurements of sorption profiles in a mixture of twa solvents, one exhibithg the 
Fickian difiùsion and the other ihe Case II diffision, pemüating a glassy polymer. 
8.2. Introduction 
In this paper, we consider the tirne evolution of a mixture of two simple and one 
complex fluids under the condition of no overall flow, overall incompressibility, constant 
temperature, and mechanical equilibrium. This type of mixtures arises in many 
engineering applications (pervaporation, drug delivery systemq drying, coating, etc.). 
Experirnents show that: 
(i) In binary simple fluidq the time evolution is found to be well described by the 
Fickian d is ion .  
(ii) In binary mixîures of one salvent and one polymer, the difision c m  be eithm 
Fickian or non-Ficlcian. The extrerne case of the non-Fickian difision is the sa-called 
Cue II mass transport If in whicb the Jdvent enters the pdymer as a shock wave. This 
type of diaision is observecl in glassy polymers in which the rearrangements needed to 
accommodate the solvent are relatively slow. Another consequence of such 
rearrangements is creation of internai s~resses in the polymer that oAen cause cracks '-'. 
(Ki) In temary mixtures, many new phenomena are observed. For example, 
sdvents that do not permeate through some polymer membranes are observed to 
contribute to the overall permeation mass flux when mixed with others "Il. in many 
applications, the clifference in the permeation velocities and an adequate choice of the 
mixture composition in the feed are used toachieve separation %ll. Tbe sorption process 
of a binw solvents into a glassy polymer has been seen in some mixtures to change 
continuously h m  the Case II to the Fickian type (or vice versa) by changing t h  
composition of the mixture in the pdymer 12. Aiwba interesthg observation is rrpmtod 
for some polymer gels in which a volume phase transition occurs, upon changing the 
composition of the biaary solvents in which they are immersed Ls14, 
Our a h  is to formulate a model suitable fbr descriiing the observeci phenomena 
in te- complex mixnires. In this paper, rn shaü remah on the mesoscopic Ievel of 
desmipiion, nemely the levei on which the classical Fickian d e i  of diffiision is 
fbrmulated. How sbould the Fickian madel be extendeci in order to inchde also the min- 
Fickian behavior? It bas been demonstrateci lSPD tlrt the simple rnodif~catim tba! 
enlarges cansiderably the domain of applicability of the original Fickian mode1 is based 
on the assumption that the diffiision flux is proportional to the gmdient of the cbemical 
p o t d  of the solvent rather than to its gradient of concentration. Since the internal free 
energy and thus the chernical potential depends also on the internal structure of the 
polymeric medium, the diffiision process becomes coupled to the internai deformations 
taking place in the polymeric medium, It is weU known that the physical origin of such an 
improvement is based on the requirement of the mathematical wmpatibility of the 
diffision process with equilibrium thermodynamics (Le. the observation that, in the 
absence of extenial forces, the difitiision process brings eventualiy the mixture into a state 
at which its behavior is found to be well described by equilibrium thermodynamics). The 
wccess of the thennodynamic considerations in modeling diffiision processes suggests to 
try and take the thermodynarnic considerations more seriously and more systematically. It 
is GENERIC that mempr to express the mmpatibility with thennodynamics in a 
very systematic and thorough manner. We shall thetefore apply the GENERIC forrnalism 
to di fbba  in teniary complex mixtures. We have already done it in in the context of 
bmaxy mixtures of one salvent and one polymer . we have been indeed &le to extend the 
domain of applicability of the classical mn-Fickean models. In part ï, chapter 7J of this 
series of two papers, we have fomulated the governhg equations for ternary mixtures 
undergohg an e x r d  flow. In this paper, we continue to analyze their predictions in the 
absence of the overall flow. 
The state variables that we use to describe States of the mixture are the mass 
ûactions of the two simple fluidq theii diffiisioa mass fluxes and a quantity 
characterizhg the interna1 structure of the complex auid component. The mode1 is 
expected to be physically realistic d at the &ue time simple enough PO that complete 
solutions of its goveniing equations can be relatively easily obtakd and compared with 
resuhs of experimental obsuvatïons. We begin our analysis with the governing equttions 
(7.22H7.40) derived in Part ï, chapter 7. Under the conditions of no overaiî flow, overall 
incompressibi, and mechanid equilibrium, theses equations (i-e. (722H7.40)) 
reduce to the governing equations (See W o n  8.3) constituting the basis of this papa. 
We then proceed to mlve them systematicaily. 
Fust, we simpie tbem by considering a particuiar situation in which the diffiision 
fluxes evolve much faster than the rest of the state variables. The diffiision fluxes 
equilibrate mpidly and consequently becorne dependent state variables. The d e l  that 
we obtain in this way is an extaion, of the classical non-Fickean d e l s  derived 
preMouriy for solvent-polymer binary mixûues '> to two-mlventslpo1ymer taiury 
mixtures. 
Next, we consider the situation in which, in addition to difiùsion fluxes, dso the 
interna1 structure of the complex fluid component evolves rapidly and becornes a 
dependent state variable. The resulting model is a generalized Fickian model involving 
the cross coupling of the diffision fluxes. Predictions based on this model are calcutated 
numerically and compared with expenmental observations, taken tiom the literature, of a 
specific pervaporation process. 
Findly, we consider another particular situation in which the concentrations and 
diffision fluxes remain independent state variables, only the intemal structure of the 
complex fluid component is a dependent state variable. In the context of the mixture of 
one simple and one complex fluids, this formulation has been found 'O to be particularly 
suitable for describing both Fickian and non Fickian diision processes. In this paper, 
we thus extend this type of model to three components. We also analyze d y t i c d y  the 
linear wave propagation (propagation of small disturbances in concentrations and 
diffision fluxes). Explicit Formula for the dispersion relation and the phase velocity are 
calculated, A numerical solution of these goveming equations is provided for a one 
dimensiod sorptim experiment of a binary mixture of a Case II solvent and a Fickean 
solvent into a glassy polymer. 
The ternary mixture d e r  -deration consists of two simple fluids (e-g. gases, 
solvents, etc-) and one complex fluid (e.g. polymer). Using tbe three-fluid mode1 (see Part 
i, chapter 7), each component is described by its own mas density pi and its own linear 
momentum density ui, (i = 1,2,p; 1,î stand for the simple fluid components 1 and 2, p 
stands for "polymer", i.e. for tbe complex fluid component). States of the complex fluid 
component are, in addition, chanrcterized by a symrnetric second order teusor, called a 
conformation tensor, denotecl by the symbol m. The set of the state variables of the 
temary mushue is therefore (pl, III, 92, uz, p,, m). AS in Part 1 (chapter 7), we 
transform these variables into a new set 
(P, 9 ci, Wl, 4, W2, m) (8.1) 
by the following one-twne transformation 
P =Pl +Pa +Pp 
where p is the overall mass de*, u is the overall momentum density, Q is the mass 
hction of the component i and rrri denotes its relative momentum density. 
The Helmholtz k energy is assumed to be 
where the tkst term on the right hand side tepresents the Lin& energy and tbe density cp 
appearing in the second term, coataining tbe mixing tiee energy and the contribution 
stemming fiom the complex fluid internai structure, is left at this point unspecified. 
in the following, we aim at studying the processes of mass transport generated in the 
ternary mixture in the absence of applied flows; we restrict ourseives to the particular 
situation in which the overall mornentum density equals zero 
and also to the mechanical equilibrium of the whole system, Le. 
where p and a represent the d a r  pressure and extra stress tensor respectively ( see [ 
Part ï, chapter 7] ). We shall assume moreover the overall incompressibility, i.e. 
ifthe constraints (8.4)-(8.6) are introduced into (7.22), (7.24) appearing in part I, 
chapter 7] then we obtain the following t h e  evdution equations 
in the rest of this paper, we shall investigate consequences of these equations and 
compare them with results of experimatal observations. We begin by discussing theu 
physical wnteat. 
The fust two equations are the m a s  continuity equatioas for the two salvents for 
which wi and ws represent their mass fluxes, Since, in view of the expression for the 
WC part of the hee energy (Le. the fÙst p a  of Eq. (8.3)), the mass flux vector of each 
wmponent coincides exactly with its relative momentum density vector 
pc,O - c , b ,  -pc,c,@, = w, 
where the matrix A, defined also in part I, chapter 73, is given by 
The two fdowing equatioas in (83) are the pvaning equations for the mass 
fluxes of the two auids. Th& i r r e d b l e  put involves the phenomenological matrix 
is the matrix, positive definite and symmetnc, of the d-*on pheaomenologicai 
plnmaar ( see [Pd, chapter 71. Siiioe ;&A = P2qc+, > O, A is invatible. The 
coefficients of the matrix 8 are : 
Notice that contrary to the rnatrix A, the matrix 8 of the inverse of the relaxation times of 
the mass fluxes is not symmetric. The d c i e n t s  81,  and 8, are the inverse of the 
direct relaxation times, and 81, and Q2, are the inverse of the coupiing relaxation thes. 
The relaxation coefficients (8.13) can also be expresseci in terms of the fiction 
Oancienîs ci arishg in the ~anarn theocy ~3-2' 
8 1 1  =(l-&p +c&n 
e l 2  = î k l *  -En) 
8, =(l-î kzp +cl512 
@21 =c2k* -512) 
the coe8iicientsS, appearing in the (8.14) are then related to Beannan's fiction 
weight of the component i and p is the global mass density- 
The last equation in (8.7) is the goveming equation descfib'ig the t h e  
evolution for the intemal structure. Its right hand side is a sum of two contributions, a 
mersible and an imersible part. In the reversible part, the conformation tenmr is 
advectcd by the vector (- WI - w2&+ which stands, in fact, for the polymer velocity. The 
polymer interna1 structure moves then in the opposite direction to the solvent leading to 
the swelling of the polymer network. In the irreversible part the parameter A is the 
phenomenological relaxation parameter ( see more in [ Part 1, chapter n. 
The family of the t h e  evolution equations (8.7) is then completed by the intenial 
sbuchire contribution to the extra stress tensor 
which depends on the state variables (ci, oz, m). In the following, for the sake of 
simplicity, the superscript (i.s.) will lx omitted. 
We sball cal1 the made1 given by Eq. (8.7) a (cl,q, wl,w~,m)model since (cl, s, 
wl, wz, m) play in it the role of independent state variables. The family of the time 
evolution equations (8.7) is parameterized by three parameters (9, A,@) which we regard 
as three coordinates of a parameter space to be denoteâ by the symbol p.  Note that the 
coordinates of p are fiinctionq cp denotes the part of the Helmholtz fiee energy density 
thaî is independent of wi and nt (see (8.3)), 8 and 5 are the pbenomenological quantities 
relateâ to the inverse of the relaxation tiines of (wl, w2) and m respectively. 
The investigation of sohitions to (8.7) is orgaMzed as kllows. First, we i d e  
regiregions in the parameter sprice p in which soiutions to (8.7) can be well approximated by 
soiutions to simpler (reduced) sets ofequations. We begin by remanging the thitd and 
hwth equations in (8.7)) into a new form 
where we have introduced two scalar coefficients 
and two second order tenmr coenicients 
Ri, R2, LI and LZ depend on concentrations ci ad q of the solvents and also on the 
polymer structure characterized by m. RI and R2 couple the diûùsion processes of the 
two simple fhiidq wbereas Li and LZ couple diision of each component to the internal 
structure . q introducuî in (8.3) d l  be specified in Section (8.6). By Q we denote the 
C1: ' j 
second derivative of q with respect to ci and cj Ci1,2) and qcp,stands h r  the second 
derivative of cp with respect to q and m. 
8.4. Diniision with nilintrlir :(ci,q ,m)-modd 
8.4.1. Gentrd Formulation 
Equations (8.7) can be interpreted as describing d a s i o n  with triple inda. The 
right hand side of the f h t  two equasions, Le. "velocities" of Cr and Q, depend on both 
wl and w~ that in tum depend on m through the second order tenon Li and Lt (See (8.19) 
and (8.20)). Therefore, the continuity equation for each sdvent i (i=1,2) is coupled 
dll.ectly to its mass flux goveming equation and i n d i l y ,  through the parameters Ri, Li 
and 8, to the goveniing equations for the m a s  flux of the d e r  component and to the 
intemal structure, respectively. In this section, we look at the process of diftiision in tbe 
sub-regions of the parameter space where Og >> l ( i j  =1,2). In this region, the mass 
fluxes of the two simple fluid wmponents relax faster than the internat structure. We 
recall that at equilibrium a,, = O and = O which implies, in view of (8.3), that ri 
dwi 
= O and wz = O. if Oii >> 1, we can assume that - 55 0 i =1,2 and difision becomes a 
dt 
process dominateci by a single inertia stemming fom m. Under these assumptions, 
Eqs.(8. 16) d u c e  to 
wbere G is the matrix given by 
43 is tbe relaxation time inverse matrix defined by (8.1 1) and (8.13). soiving Equations 
(821) fbr wi and wz lads to 
where D is the matrix of difbion coefficients g i m  by 
where 
The two remairhg tenson are 
In these expressions, we have wed the foüowing  PO^ 
det @ = @, ,en - @,,e,, (8.27) 
to deaote the det erminant of the matrix 8. Tbe chemical potential expressions per 
molecular weigbt for the three componeats are 
#i are reference constants. 
Equations (8.7), in the region of the paranmeter space p in which Oc >>1, become 
We notice that the m m  flux fa erb compo!mt does not involve the mistropic 
term V.ac') as it bas been found in Part 1 (cbapter 7)- In the absence of flow, the polymer 
intemal detànnation produced by the dühioon fluxes is included in the process of mass 
transport only through the aependenœ of tbe internal free energy on m. No anisoimpy in 
diffiision is expected to ocarr as a consequeme of tbe intriiwic anïsotropy of 'intemai 
structure defocmation. Tbis tàct is in a complete agreement with the pcevious theoreticai 
rieveiopments fôr biniiy cornplex &tues Ism. Since, if we ignore Q and wb is. if the 
second simple fluid composent is abseot, these equations duce CO the goveming 
equations of the classical non-Fickiaa model 1S-19. We um therefm regard (829) as an 
extension of the governing equations of the classical non-Fickian modets to mixtures 
inwlving two solvent components. F i l y ,  we should emphasize that the non-linear 
reversible part on the right hand side of the iast equation in (8.29) is of great importance 
for system undergohg swelling, but may be dropped if the polymer preserves its volume 
during dittiision. 
Diffision of solvents in some polymers (e.g. glassy polymecs) creates intenial 
stresses. These stresses are generally localized at the solvents 6onts. The propagation of 
these distutbances caa also described by Eqs.(8.29). If %are large and Max (l,Li) 
Ri and Max(l&) «Rt , then the equation governing the time evolution of m becornes 
where p, =p(l-ci-Q) is the polymer mass density and (I-CI-Q)N =(KI +K2). The equat- 
goveniing the tirne evolution of p, is 
The extra stress tensor a, expressed as a W o n  of m is givea in (8.15). Equations 
(8.15), (8.30) and (8.31) represent a mode1 of the diftirsion of dishirbances in the 
potyme~ic structure. This mode1 will not be investigated in this paper any fkther. 
8.5. Diffusion witùout lnerîia : (c1,~)-modd 
We shall now identifjr regions in the parameter space p in which the governing 
equations can be fbrther simplified. Ic in addition to ep1, also the relations 
Li«min(l, Ri) and b min (1, R2) hold, then the wupling between difision and the 
intemal structure is weak and can be neglected. Equations (8.29) reduce then to 
where the diffision coefficients are given in (8.25) in which al1 terms inwlving m are 
absent. These are the familiar equations governing the g e n d i e d  Fickian d'ision in a 
two component mixîure of simple fluids '=. In Section 8.7 \ive Ml solve them 
numerically and compare their solution with experimental observations of a specüic 
pervaporation process. 
In the regions of the parameter space in wbich the tenson 8, LI and are llOf 
large, the couphg kMeo the m a s  fluxes and the h t e d  süuctm nspective 
govenüng quitions can be ignoreci. The viscoelastic def~rrrmtions become idevant to 
the diaision process and the behavior of the mass transport can be decoupled h m  the 
evohnion of the i n t e d  structure- One may ask in what kind of physicd situations such 
processes occur? It certainly occws in the regions of the parameter space in which the 
tendency towards mixing dominates the eiastic resistame brought about by the polymer 
internai structure. The quantites Lr and & express the ratio of tbe elastic h e  energy to 
the-mixing tieeenagy ? Tht- eiastk free emqy is proportional to the elastic modukis of 
the polymeric chains ad tbe mixing fiee energy, foUowing the Flory mean-field theory 
kT 
27, to the quantity -, where k is BoItzmann4s constant, T is the thermodynamic 
U 
temperature and u is the ceU volume occupied by one monomer. The inequaiity Li cc 1, 
i=l f ,  translata h o  1 (in elastomers m have typidly GO= 106 Pa, (kTfv) m 
-10'-10' and L -0.1- 0.01 In wch situation diffusion becornes a pracess with double 
inertia, namely the inertia that stems h m  both WI and w2. 
Before studyhg numerically the implications of Eqs.(8.16), we first investigate 
the properties of the lin- waves h t  propagate in the polymer as small perturbations. 
8.6.1. Travciüig waves 
In the region of the parameter space in which 8, LI and b are not large, the 
dithsion process can be described by the fbllowing govenillig equations in which the 
velocities VI and v2 are used as the date variables instead of the mass fluxes w ~ p c i v i  
and w m v 2  
where we have used the following notation 
To discuss soiutions of (8.34), it is usefiil to rewrite (8.34) into the fonn 
where U are the state variables, A and B are the matrices that arise fiom identifying 
(8.36) with (8.34). As many experimental observations (sorption, permeation, 
pervaporation, etc) are uaidiredod, we derive cansequences of the Eqs. (8.36) in one 
the dimensionai setting. in tbis seîting, u =(ci, v,,c,, and the nu~icn A and B 
are given by 
with 
qqCj stands for the second derivative of cp with respect to c and q. In the linear rrgimq 
we look tot soiutions of Eqs.@.36) in the f- U = U, +Ü exp i(mt + k), whs.  
U, = (c,, ,O, c, ,0pis the mperbdd solution, (il-l), m is the @ency of the 
wave , k = kfe +i kh is the wave number vector in the propagation direction and x is the 
direction of propagation of the solution. Notice that a,, =a,, due to the symmetry 
property of the H&an rmtrix (Ep )IPiZ1 . The set d the governing etquations (8.34) is 
tune-hyperbolic in the linear regime if thc eigenvaiws of AI are real. The solutions 
u, 
are moreover stab* if the r d  parts of the eigmvaiues of q, are non negative. 
9 
The first requirement leads to the following condition 
that is satisfied if 
The second requirement gives 
which is satisfied if 
Expressions (8.40) aad (8.42) constitute then the stability conditions for difision 
d t s x i i i  by Eqs.(8.34). The mes oôtained as solutions to Eqs.(8.34) are called 
osmotic waves 'O becouse they are produced by osmotic means. By inserting the 
expression of LI into (8.36) and - keeping oniy t ~ s  iinear tems in 8 , we arrive at the 
dispersion W o n  k = k(m) 
where we have used, for simplicity 
intraducing stiH mther notation by 
and 
where 
the dispersion relation can be written as 
This leads the following expression for the phase velocity 
and for the intensity of attenuation 
ln the high fiequeacy Iimit, CO a, we 6nd, in view of (8.44)-(8.55), that the 
phase velocity reâuces to 
We thus see that in the high frequency limit Eqs(8.34) predict the propagation of two 
types of waves, both having eomcmt wlocitiea (hsquency independent), namely v; and 
v, given by (8.56). 
The attenuation, on the other hami, becornes 
In the low fiequencies limit ai + 0, the phase velocity is 
and the iatensity aîtemiation is determineci as 
We thus see that in the low 6equency limit both the phase velocity and the attenuation 
tend to zero. 
Notice that if Q = O (or ci= O ), we recover the resuh derived in case of binary 
mixtures 
The reamuigements in the polymer thst are needed to accommodate the solvents 
produce its swelling. This deformation is associatecl with a change of the volume of the 
polymer and thus lads to a change of its boundaries. Under this volume non-pmewed 
condition, it becornes difficult to formulate appropriately the boundary conditious due to 
their time change. To overcome this difficulty, we SUI follow " md d o m l a t e  cbe 
goveming equations of the difision in the material (also called Lagrangian) coordinates. 
The material coordinates will be denoted by the symbol Y. We recall that the spatiai ( a h  
called Eulerian) coordinates are denoted in this paper by r. the deformation matrix is 
In the regions of the parameter space where Lt, and L2ij are nat large, and by applying 
the one-twne transformaion MY to Eq. (8.16) we obtain 
where we have reatranged appropriately Eqs48.16) to make arise in them the followùig 
expressions 
which m d  fathe g d i d  Fick's iaws for tarilry mixtures anci D, are tbe 
phenomenological parameters of the mode1 and may be chosen as dependent M o n s  on 
the m a s  tiactions of the two solvents. The couplings murring behkreen difhion in the 
Equations (8.62) are of two types: a strong wupling and a weak coupling. The former is 
brai@ about, in the mur flux equation ofeach component j, by the Hni ey (y+ pi) 
which coatains the gradient of tbe concentration of the other cornpuent i. The weak 
oaipling corn 60m the cross mipling expressions: Qi(r*j +qj). If 0,, << 1 d 
6,, « 1, then the weak couphg becomes negligile, but the ditttsion equations still 
remain s~ongly coupled. on the d e r  hand, 88 (j=1,2) are vay malt. ody the week 
couphg is signifiant Such a case is not, howêver, expected in practicai situations. 
We proceed mw to tbe dïmensidess foninilatior~ For the space ad time 
coorâinatw, we use the foilowing dimeasbniess quantities 
L~ 
L, is a characteristic length sale and z,, = + is a characteristic diffiision time scale. 
D, 1 
D; = 4, (fi = O, c, = O) is the main diffision cdkient at infinite dilution. For the 
mass fractions and mass fluxes (or velocities), we use 
ci is the m a s  fisction ofthe camponent i and ci, is the equilibtium concentration of the 
cornpanent 1 chosen here to be the iwinnalUation refmnce. The dimensionless governing 
equations in the mataiai coordinates are 
In the third and fourth equations, a Deborah matrix De, depending on the solvents 
concentration, arises (replacing one Deborah number that aises in the mass flux 
governiug equation '0.29 in b i i  mirdures) : 
Its coefficients are defined as 
for i=l, 2 tespectively. 8, bave been introduced above and r, CF~, 2) are the diffiision 
w b e n ~ i  =D&+ + O,+ + O). The thkd a d  îhe founb cpuation in (8.66) also involve 
four fùnctions. They are defineci as 
The Deborah matrix De(@ and the difision matrix D(Q) are the two 
pbenomenological matrices in which the individual features of the system under 
consideration are expressed. By letting these parameters depend on the concentrations, 
we also introduce indirectly the influence of the intemai structure deformations on 
diaision. This phenomenologicai d-ption is however less complete tûan the more 
mictoscopic description provided by (8.7) or (8.16) in which the evolution of the intanal 
srnidure deSMibed by the symmetric tensor m is taken into aumunt. This will be the 
subject of a friture investigation. 
in view of the expressions (8.25), we bave at infinite dilution 
lim lim D,,=O 
c1*c2- 
The main diaision mfficients Dli and & coincide with the selfdision 
meflicients of the solvents I and 2, mpectively in th& binary mixhines. The miss  
dasion coefficientq on the other hand, are equal to m. Similsrly, we find that the 
coefficients of the inverse of the relaxation matrix are 
lirn lim O,, = O  
c p o  cz+0 
lim Iùn O,, = O  
q+o c z 4  
Ewhation of Dij 
In the regions of the parameter space whae Bi pn vcry large, the diffusion 
coefficient expressions are found to be functions of 0, and thus are dependent on the 
fnction coefficients 5,. Conquentiy, they are expressibte in terms of the self-difision 
coefficients of each component in binary mixtures. Assuming tbat the selfdifision 
coefficients of the solvent 1 and of the solvent 2 in the solvent 1-solvent 2 mi- are 
larger than the diision coefficients DI and & of the solvent i (i=l,2) in the solvent i- 
polymer mixaues, the calculateci expression for the diffiision coefficients D, provided by 
(8.25) simplitj, eonsiderably. 
D 
D l = - ]  RTc , dcl T 2 . c ~ r  
9 , i-12, depmds on the concentrations of the solvents. The expressions that have been 
already proposed in are 
where ni and mi are mateciai constants (dm called plasticking constants), Dia and Dzo are 
the diffiision coefficients at inhite dilution. 
In this subsection we investigate numerically two interesthg cases : i) a 
pervaporation process by a mbbery polymer, and ii) a sorption ptocess in a glassy 
polymer. First, we investigate the pervaporaîion process of toluene-benzene binary 
mixture by the poly(eiby1ene terephthalitte) membrane aad compare the dculatd resuhs 
with results of experimeatal meaamments. We have in mind the experiment cacfied out 
in? Semnd,wesûdyibeaorptionofabhuyimmirrtbroughagîassy polyma. Tbe 
behavior of the first pure colllponent (methyl chloride) is Fickean and the behavior of the 
second pure fluid (benzene) is Case II. The sorption process of their mixture shows (by 
varying the composition of .the mixhioe in k â )  a continuous transition h m  Case lI to 
the Fickian mass aaaspMt la. 
Pervaporetion "O and sorption " e x p b n t s . a r e  u d y  based on the we of a 
thin polymer membrane. As this proces is unidirectional, we limit the numerid 
investigation to the one dimensional mdy. Let Z be tbe space coordinate actoss the 
membrane. FoUowing earlier works 17, the &formation matrix in tbis one dimensionai 
description cm be expressed as a fiinction of the polymer volume fiadion 
where b, = 1 - +, -4,. 4 (i=l, 2) is the volume 6action of the component i. It is related 
to the mass fiaction as yift = pci , yi is the material density (assumeci to be constant), p is 
the global mass density ( a h  assumed to be constant) and is the mass 6action 
8.6.5.a. Pervapontion : G e n e d i  Fickian diltusion De, » 1 
Most membranes used for the separation process between two components are 
r u b k  (elastomers). in these polymers, the t h e  scale of the fesponse of the polymeric 
chahs is greater than the characteristic time scales of the penetration process. Therefôre, 
the pemaporaîion behaviors clearly situate in the regions of the parameter space 
characterized by the constraints Dtij >> 1 and for which we have aûeady arrived at the 
govdng  equations in Section W. In the one dimensional setting, these dimensionless 
equations are as follows 
Using Eqs. (8.76), we investigate particularly the pervaporation of the toiuene- 
benzene mixture by a poly (ethylene terephthalate) (PET) membrane. The calculateci 
lesuhp.are compsred with th expimental ObSefvBtions reported in7. Tbe membrane has 
a thickness of 3.5 micrometer ad a degree of crystallinity of 2%. At the experiment 
temperature (30 OC), PET can be assumed to be closed to its nibbery state . This then 
means that Eqs. (8.76) wnstitute a good approximation for describing the observations, 
The diffusion d c i e n t s  at the inhite dilution are D" =12 IO-" (m21sec) and Dm=1.4 
l(r" (m2/sec) for t o h m  ad benzene respectiveiy '. We emphapue tbat the diffiision 
coefficients arising in Eqs. (8.76) are obtained as a consequence of the mode1 which is 
derived in the absence of the overall flow. The measurementq however, are generally 
canied out in the voiume 6ame of reference. We have to correct then Dl0 and D~~ (to 
obtain the appropriate seIf-diffision coefficients to be applied in the Eqs.(8.76)) by the 
muhiplication constant (&J such tbaî d= (p/pp)Di~ where p is the overall mas 
density of the binary solvent-polymer mixture and mass density of the polymer chosen 
here to be of 1.18 g/cm3 at 30 O C .  Di0 is then the value used in the caiculations. We also 
use as in their obtahed values for the plasticking constants m.74) ni= n2 = 139.4 and 
mi= mrZ12.77. 
Al1 the physical quantities needed to solve numerically Eqs (8.76) are now 
specified above, We p r o d  to discuss the initial and the boundary conditions. in the 
pervaporation experimentq a dense membrane is used to separate two components 
cumposing a binary mixture. The permeate has a different composition tban the mixture 
in the f d .  A vacuum is required in the downstream part to ensure a permanent gradient 
of the chernical potenW (or gradient of pressure). Consequently, one cm use the 
following initial and boundary conditions 
Figure 8.1 shows the equilibrium mass W o n s  for tolueae drawn in (*) d fur 
benzene dnwn in ( ) versus the mass M o n  of toiuene in the feed. h values are 
calculated based on the experimental data nprkd i d &  30 OC. As show11 in F i  8.1,
the equilibrium mass ûactions of the two components are very small compared with uaity 
and the deformation gradient FI, is of the order of unit, i.e. the membrane swelling in this 
sinution CM be regarded as oegligible. The interaction parameters7 are xi@, xh=5.57 
= 5.52, where the indices 1,2 and p designate toiuene, bernene d PET respectively. 
The steady permeation flux values for toluene and benzeue versus the mass hction of 
toluene in feed are given in Figure 8.2. A relatively good agreement b e e n  the 
experimental data drawn in (A) for toluene and ( O  ) for benzene and the calculated 
curves (drawn in continuaus lines). A discrepancy, is however, detected at the tohiene 
mas fiaction in feed of 0.7. The same deviation fiom the general line (See Figure 8.1) is 
dm obsetved for the +mental equilibrium density. The latter coastitutes one of the 
relevant parmeters that influences significantly the behavior of diGsion. The Flory- 
expression for the mixing fie energy is used to assess the diffusion 
coefficients. The diffision ma& which is concentration dependent and the penneation 
fluxes are calculated at each tirne step. The unsteady permeation fluxes for toluene d 
benzene verms time are shown in Figure 8.3 and Figure 8.4 tespectively for diffefent 
mass W o n  of toluene in the feed. 
8.6.5.bSorption of Avent-solvent mixtures into a g h q  p i p e r  : 
Case II - Fidrlln transition 
The experimental situation in which we are interesteci m this subsection is the 
sorption of a mixture of two simple components in a thin iilm of glassy polymer. T& 
diffiision bebavior of the kst component, 1, in its pure stade, is Fickean, The second pire 
component, 2, exhii'bits on the 0 t h  band the Case II diftùsion, The behavim of their 
mixhue varies then h m  the Fickean to the Case JI upon changirig the composition of the 
binaty mirdure in tbe feed- As an ihûmîion, we d o n  the observation reported in 12. 
In tbese experimentq a glassy epoxy min was used as the polymer flm, pure Benzene 
follows the Case II behavior, and the pure methyl cbloride exhi'bits Fickian dififusion. 
One observes, by cbanging the composition of the mixture, that the mixture shows a 
series of intermecliate behaviors ranging fiom these two extreme cases. It is welt known 
that some solvents d i s e  into glassy polymers following the Case II behavior while 
other solvents exhibia the Fickean character in the same polymers. This may be related 
among others to the physicai properties of the solvent and the palper and more 
importantly to the affinities (interaction) that develop between them. For example 
methanol shows the Case II bebavior in the poly(methy1 meîhacrylate) *, but difises in a 
Fickian way in polystyrene. in order to &lly understand these effécts, the model has to 
be developed on the molecular level of description. The model introduced in this papa 
cannot explain the phenornena but it can describe them if experimentally measured 
parameters (diffision coefficients, relaxation times etc.) are put h o  it. 
To simplify our considerations, we shall assume that the coupüng between the 
mass fluxes governing equations are negligibie, i.e. Deiz » 1 and 1. As diffiision 
of the compownt 1 (methyl chloride) is Fickean, Deil becornes v g r  small. Becawe the 
penetration behavior of the cornpanent 2 (benzene) is of Case II type, Deil is greater than 
unity. Since, in thÎs case, the relaxation time scale of the mas flux is larger tban the 
characteristic tirne scale of diffiision. Consequently, the inertial effects becorne so 
significant to influence the behavior of diffusion. The governing equations (8.66) 
cocresporad'ig to this particular situation simplifl to 
Now, we tum our attention to the initial and bowidary conditions. We shaîl 
assume that the initial thickness of the sample, &, is negligible in cornparisan with the 
surface, S. of the film, Le. ZLo «a. The proaac of sorption into a thin film is a 
symmetric proces; Le., the solvent enters the polymer ftom opposite sides and diffises to 
the amter of the film. We c m  therefore study only the haif-thickness of length Lo. 
nie initial conditions are: 
C,(Z, O) = O 
C,(Z, O) = O 
W@, 0) = O 
The boundary conditions are: 
In view of (8.80) the third equation, at the polymer-solvent interface, becornes 
which expresses the relaxation of the rnass flux for the component 2. 
In the goveniing equationq only D& constitutes the ntting parameter of the 
model. We have chosen it to be D e z f l O O O  to get the Case II diffirsion for the component 
2 at the pure state. Deil is fixed by the complete tirne of penetration of the pure 
comportent into the film. Figure 8.5 shows the mess uptake versus tirne b r  different 
compositions in the mixture feed. We see clearly the Case II-Fickean transition dwing the 
sorption process when one goes î?om the pure fhiid 2 to the pure Fickean fluid 1, The 
same bebavior has ken observed in ". ?ba mun uptake in case of the pure knonie (a 
=1 in the feed) varies linearly with the  with a constant velocity. For the pure methyl 
cblonde tluid, the mass uptake varies as a square root of time as shown by the curve 
(&=O). Between these extrerne cases, the behavior of the mass uptake follows an 
intemudiate behavior that can be desaibed by M = k, 4 + k,t , where kl and k2 are 
given. constants12. 
Figwes 8.6, 8.7,8.8,8.9 and 8.10 show respectively the concentration profiles of 
the mixtures for tbe following compositions (benzene/methyl chlorides) = (IIO), (0.8/02), 
(0.5/0.5), (0.3/0.7) and (011). Figure 8.6 shows aObehavior typical of Case II diffiision the 
concentration profiles are step like and there is almost no gradients of the concentration 
behind the h n t .  Figure 8.10 on the other band exbibits the well hown Fickian behavior. 
û.7. Conclusion 
In this paper, we have introduced a new model for the isothermal difiiùsion of a 
binary simple fluids (eg. solvents, etc.) in a complex fluid (e.g. a polymer) under the 
conditions of the global incompress~iiiity and the absence of the overall flow. Tbe state 
variables used to describe the di&sion processes (occurrllig in complex teniiuy 
mixtures) are the mass M o n s  cl and q and diflùsion m a s  fluxes wl and wz of the two 
simple fluiâs, and a symmeüic second order teasor m accounting h r  the iatemal 
structure of the polymer. Tûe govenùag equations (8.7)-(8.20), in which a i o n  and 
defionnation are mutuaiiy coupled, wnstitute the main resuhs of paper. In this mode& 
di the individual featurts of the biiary-salvents-polymer màture are e x p d  in the 
fk energy, the matrix relaxation time inverse 8 of tbe difïùsion fluxes and tbe 
relaxation time inverse X of the internai structure. 
Dis ion  in teniary mixtures that is described by Equations (8.7)-(8.20) can be 
regarded as a process with triple inertia in the process of lmking at the solutions of the 
governing equationq we have investigated them asymptotidy in a systematic and 
pedagogic manner- We arrived at simpler models in which some of the state variables 
becorne Urelevant to describing particular behavior of difihion. Three situations were 
discussed thmughly: 
(i) Difision with a single inertia (nt-inertia) desaibed by Eqs. (8.29) 
(ii) DitRasion without inertia described by Eqs. (8.33) 
(iii) Diffision with double inertia ( (nt, w+inertia) described in Section 8.6. 
In (i) the equabons (8.29) extenâ, to ternary mixtures, the governing equations of the 
classical Case II moâels daived previously for binaty mirrnires IUO. As an outame of 
the model, we have also pmvided explicit expressions for the transport coefficients 
(8.24H8.26) in tenns of the relaxation matrix 8. Using the molecular results of Bearman 
?J, we were also able to express the d c i e n t s  of 8 in t m s  of the fiiction coefficients. 
In (ii) the inertial variables (wi, w2, m) are assumed to evolve faster than the mass 
transport. In this situation, descr i i  by the governing equations (8.33), the model 
involves cross coupling terms in the mass fluxes and thus renders the description more 
complex than the Fickian one. Numerid resuhs for these equations are ptovided aad 
cornparcd 4th a chosen experimeatai measmments of a pmporation proas ' of a 
binary mixture by a thin membrane. A r a h  good agreement has been found ôetweefl the 
calculateci profiles and the measured data 
In (iii) the inertia of the state variable m descriiing the viscoelastic deformations of 
the polymer internai structure is ignored Such a situation occurs when the mixing part of 
the ûee energy dominates the elastic part. In this case, the concentration of eac4 
wmponeat evolves witô double inertia due to the cross couplings arising between the 
diftùsion fluxes. In the way of investigating solutions to this reduceû modei, we have first 
àiscussed aaalytically the propagation of  waves in ternary mirrtum and bave dculated 
thtir phase velacities Sad their inteasiîy a t t d o n  formulas. For emmple, we h d  out 
tba? in the domain of large 6equencieq twr, waves propagate witb constant velocities that 
are fiequency independent. In the domain of small fiequemies, both the phase velocitics 
and the attemation are proportional to the square mot of the -. An expaimental 
investigation of the dasion waves may turn out to becorne a ncw and usefiil way to 
study experirnentally tbe nokFickian diffusion processes. Secad, we look at the 
implications of this mode1 for describing inore wmplex situations that occur, for 
instance, in glassy polymers. We d that the goveming equations (8.62) are a direci 
generalization of the govdng cpuatioos &rived in a previous mbde120 for b i q  
mixtures, and for which they have been wed to recow, in a simple manner, the Case I$ 
bebavior. A mamerical solution of these equations for the sorpdion process of a biiary 
r n b  in a glassy polymer is provideci. 
Tbis work has benefited h m  the financial support provided by the Naturai Sciences a d  
Engineering Research Council of Canada. 
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Figure û.2 Pdon rates of toiuene ('1 and benzene ( ) sgainst the mass M o n  
of toluene in the mùchue féed a! 30 OC 
Figure 8.3. Permdon rates of toIuene versus t h e  far various c o ~ o n s  of 
ni'ixtures. Numbers denote the mass fiaction of toiurne in the M. 
4 Permeation nites of karea venus time for various compositions of 
mixtures- Numbers dewte the mass M o n  of toluene in the M, 
Figure a5: Normalized mass uptake of porymer in tbe- benzene-methyl chloride 
mOttures for various composaions versus normaüzed tirne. Numbers 
designate the mass fiaction of beirzene in the féeâ 
P i i r e  8.6: Nonnaiizad concentmiou profles wrau the normalized Mthicknau o f  
tbe polymer ta tbs composition of w m e t b y l  cbbride)=(l/O) in the 
mixtute feed. 
F i i r e  û.7: Nomialil!ed concentration pronles versus the normalized haif thickness of 
tbe pdymer for the composition of (benzedmethyl chloride)=(O.8/0.2) in the mixture 
fecd 
Figure û.8: Normalized concentratioa profiles versus the normalized half thickness of 
the polymer far the composition of ( b e d m e î h y l  chioride)=(0.5/0.5) in 
the mixture fd. 
Fiire 89: Normalized concentration profiles versus the normalized baif thickness of 
the pdymer fot the composition of (bemdrneriiyl chloride)=(O.3/0.7) in 
the a&me fid 
Figure 8.10: Normalized concentration profles versus the normalized haif thickms of 
the polymer for the composition of (benzedmethyl chloride)=(Wl) in the 
mixtwe feed. 
Le travail de cette thèse porte sur l'étude des compoRements non-Fickiens du 
transfert de mase qui soni &semés dans les mélanges solvant-polymère soumis ou non à 
un écoulement imposé. Ces compor~eascnts résuitent des couplages qui dennent entre 
la difltitsion, l'écoulement et la défbdon de la structure interne du polymèré. L'une des 
raisons principales menant à de telles obsewations est li# aux caractères de 
l'individuatid et de la non linéaritk de la microstructure qui, essentidiemeni, déterminent 
et défiaissent les propriétés physico-chimiques des polymères. 
La ssatégie générale que nous avons poursuivie pour camprendre ces 
phénoménes se réaiise par une modélisation en deux étapes. Tout d'abord, on identifie les 
observations expérimentales, et de là les phénomènes physiques, % éhidier. Ensuite, on 
développe, dans le cadre de GENERK, des modèles dont les prédictions sont directement 
confiontées et oomparées a ces mesures expérimentales. Le formalisme GENERiC, qui a 
été établi pour assurer la compatiiilité des solutions avec Ia thennodynamique, s'applique 
selon I'aigdthme suivant: i) choix des d'état ii) détednatioa de la 
cinématique r6versible ou de Poisson ui) détermination de la cinématique irréversible ou 
de Riemann iv) spécifcation de 1'Cnergie totale Q et du potentiel de dissipaiion Y. 
Les systèmes auxquels naus nous sommes intéressés sont les mélanges miscibles : 
i) b i n a .  constitués d'un fluide simple (e.g. solvaut) et d'un polymère et 3 temaires 
composés de deux fluides simples (e.g. mlvants) ec d'un polymère. Chaque composant 
dans le mélange et decrit par ses propres variables d'état, Le fluide simple est décrit par 
sa densité de masse pi et par son vecteur densité de la quaatitk de m~uvemeat üaCaire üi. 
Le fluide complexe stwûd est amct&isé, en plus des deux viables dds cidasus, 
soit par la fonction de distribution de l'espace de eanfijpatîon ou par son deuxiéme 
moment, le tenseur de conformation a. Le mdlange formé de n composants (n = 2 pour 
binaire et n = 3 pour ternaire) est dors M t  par la deasit6 de la masse tutde p, le vecteur 
densité de la quanbité de m~~vement  I i n h  q (n-1) sc4lairPs ci disignant les hctbm 
massiques, et (el) vecteus, m, représentant les vectcufs densités des quantités de 
mouvement relatives, et le tenseur d'ordre deux, m, pour caractériser la structure intem. 
Les mélanges binaires et ternaires soumis B un écoulement externes sont éhidiis 
respectivement dans le premier et le quatriéme articles. Les couplages entre la diaision, 
l'écoulement et la déformation de la stnicture interne apparaissent explicitement dans les 
équations gouvernant l'évolution temporelle du systéme étudié. La diffiision dépend 
anisotropiquement de l'écoulement et de la déformation de la stnicture interne. 
Réciproquement, la structure interne est influencée, d'une manière concomitante, par les 
deux types d'écoulement : externe et interne. Le dernier est produit par la dfision. Outre 
cette mutuelle dépendance, des contraintes élastiques sont crées au sein du mélange par 
les mouvements relatifs (flux de diffision) et par conséquent modifient le comportement 
dynamique de l'écoulement. De plus dans les mélanges teniaires, de nouveaux couplages 
surviennent entre les flux de diniision dus aux effets d'e-ement qui se génèrent entre 
les solvants. Dans le processus de la résolution asymptotique des équations d'évolution, 
nous retrouvons comme cas particuliers les modèles proposées dans la littératures. De 
plus, les coefficients de transport dépendent explicitement du gradient de la vitesse 
appliquée, ce qui rend la diffision fortement anisotrope même en l'absence des 
contraintes internes. 
Afin d'étudier la diffision viscoélastique dans les mélanges binaires (ertictes 2 et 
3) et temaires 5) en l'absence d'un écoulement externe, nous avons considéré les 
modèles développés respectivement dans les articles 1 et 4 auxquels nous avons 
appliqués les contraintes de l'équilibre mécanique et de i'incompnssibilité globaie. Ces 
contraintes permettent & simplifier considérablement les équatkm d'évohition 
gouvernant l'évolution temporelle du systeme étudié. 
Le deuxième et le troisiéme articles soit consacrés l'étude de la Mùsion mm- 
Fickieme d'un solvant dans un polymère pour laquelle I'inertt-e du flux de masse et d e  
de la conformation sont tenues en considération dans un modèle appelé (c,w,m)-dei,. 
Parmi les modèles obtenus comme cas particuliers de ce modèle, nous avons retrowC les 
lois de Fick, les moâèles proposés dans la littérature et décrits par les ~llll-ables d ' a  : la 
c~~ccntration c et Is contrainte interne a, et ua noweaux madéle, appelé (c,w)-model. 
Dans ce dernier modéle, l'influence de la stnicture inteme du polymère est exprimée 
i n d i i m  par le biais de la dépendance des lois constitutives (coefficient de 
diffusion, temps de relaxation) de I. concentdoa A l'ai& de ce modèle, nous avons 
explipué plusieurs comportements non-Fickiens, notamment le transport Cas Il, appelé 
aussi onde de choc d ' A h  dii à ses ~8f~ctéristigues similaires avec les ondes non 
linéaires- Cette similitude nous a inspirés pour introduire un nwveau concept qui perçoit 
le transfert de masse comme la propagation d'ondes non linéaires que nous avons alon 
appelées mies osmotiques. L'information sur la famation de ces ondes non-linéaires et 
leur pro-on est rendue accessible A l'aide de la méthode des caractéristiques. Dans 
ce contexte, nous avons introduit un nombre adimeasionnel, &, appelé nombre de 
diffiision de Mach, pour réinterpréter et classifier les diffërents comportements de la 
difision. La diilùsion Fichenne, obtenue pour des valeurs de Md& plus petites que 
l'unité, devient la diffusion subosmotique. Le transport Cas ü, obtenu pour des valeurs de 
plus grandes que l'unité, co~fe~pond A la diffusion superosmotique. Nuus nous 
sommes aussi intéressés A la propagation des ondes Lindaires pour lesquelles la vitesse de 
phase e$ t'atténuation de l'intensité sont d c u l h  dytiquement+ Pour une comparaison 
d'me entre les prédictions des modèles (c,w)-mode\ et (c,w~m).model avec les 
observations expérimentales prises de la Iitthture, mus avons résuius numériquement 
les équations d'évolution, ce qui a nécessite & déterminer l'énergie libre du problème. 
L'expressi*on de Flory-Huggins est choisie paur la du mixage et celles de b e l 1  
et FEiNEP pour la partie élastique. Cette demière a été adéquatement modifiée pour tenir 
compte d'un evaituel gonflement du polymére suite au processus de la diaision. Comme 
le godement produit un dOplacement des frontières, [es équations d'évolution ont ét6 
&crites dans la description matérielle (Iagmigieme) en utilisant la matrice de 
défixmatim L'étude adimensionnelle du modèle (c,w,m)di&i, met en &id- 
l'existence de mis pammétrcs De, de et K qui représentent l'individualité du mélange 
étudié, Le premier, De, appelé nombre w-Deboraù, est exprimé en fonction du nombre de 
Mach de dision &. Le sewnd, de, appelé nombre ni-Debotah, mesure l'importance 
des effets inertiels de la défofrmdion. Le dernier* K, est une constante qui couple la 
difiùsion la microstnid~ne. Dans la dezllleZlllère étape, now avons comparé les prédictions 
de ces modèies avec des mesures expénmeniales prises de la littérature [N, L. Thomas et 
A H. Wimdle, polymer, 19, 255 (197811 , et un bon ~ccord a été trouvé. Parmi les 
résultats obtenuq nous arrivons A expliquer le transport Cas II sans supposer la transition 
vitreuse-caoutchouteuse. 
Dans le dernier article, nous avons étendu la description du processus du transfert 
de masse d'un seul composant A celle de deux composants dans un polymère. Les 
variables d'état ma : deux scalaires ci et c? qui représentent les fractions massiques des 
solvants, deux vecteurs densité des flux de masse ni et w2, et un tenseur du second ordre, 
m, qui caractérise la stnicture interne du polymhe. Les équations dévolution (8.7)-(8.20), 
dans lesquelles la dfision et la déformation de la microstnictwe sont étroitement 
couplées, constituent les résultats principaux de cette étude. Dans ces équations, toutes 
les caractéristiques intrinsèques du mélange solvant-solvant-polymère sont exprimées 
dans l'énergie libre, la matrice de relaxation des flux 8 et le temps de relaxation A de la 
structure interne. La difiùsion dans les mélanges ternaires est considMe comme un 
processus avec un triple inertie : l'inertie provenant des deux flux de masse et celle liée B 
la structure interne m. Dans cet article, nous avons Mi en détail les deux cas 
particuliers i) la difision sans inertie qui conduit au d è l e  de Fick généralisé et ii) la 
difision avec une double inertie qui résulte de la réponse retardée des dewc flux de 
masse wl et w2. Dans ce dernier cas, nous avons discute le pbénoméne de la propagation 
des ondes linéaires, et avons calculé leur vitesse de phase et leur atténuation. Dans le 
domaine des tiequences très larges, cette étude préch la propagation de deux types 
d'onde présentant des vitesses constantes- La détecîim de ces ondes pourrait se révéler 
un nouvel outil utile pour étudier II diaision de h matière. Par une anaiyse 
~ d h e n s i o ~ e k ,  on observe que le nombre de Debofah devient dans les systèmes 
ternaires une mairice (2x2), De, qui exprime les effets des couplages entre les flux de 
masse. Des soiutions numériques détailtées sant fhmis et comparéts avec deux types 
d'obmtions expérimentales : i )  des mesures obteaues par pervaporation d'un mélange 
toluènebeazéne par une membme de polytéréphîaiate d'éthyl p. S d  et al. 3. Appl. 
Poly. Sci. 27,2179 (1982)l et iii des mesures de sorption dans un polymère vitreux d'un 
mélanges de deux solvants, l'un exhiiant le comportement Fickien et l'autre le 
comportement Cas II [T. K. Kwei et H. M Zupko, J. Poly. Sci. Pari A2,7,867, (1%9)]. 
Comme perspectives qui peuvent décoder du travail dévelopé dans cette thése on 
peut sugérer que 
1. Numériquement : 
écrire des programmes (codes) pour tester la validité des modèles 
proposés pour les systèmes en écoulement. 
raffiner et adapter les programmes déjh écrits pour d'autres problèmes 
de la difision viscoélastiques tel que les gels. 
tester les mod&s développés pour les mélanges ternaires pour d'autres 
expériences de séparation par pervaporation. 
développer des méthodes numériques pour les équations proposées 
semblales a celles d é v e i o p ~  pour les fluides compressibies, 
utiliser des méthodes numériques plus prkises comme la méthode des 
éléments finis. 
2. Théoriquement : 
0 généraliser les modèles propasés au cas de la diffision non-isotherme 
dans les mdlanges solvant-poiymére. 
0 généraiiser les modèles proposés pour la difision isotherme dans les 
m4langes polymère-polymére. 
3. Expérimentalement: 
détecter les ondes osmotiques. 
a développer des techniques de mesues pour étudier la diaision per le 
biais des ondes (voir article 5). 
etudier la sépmtion de phase produite par Wement  dans les 
mélanges tCrnoifes. 
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for i= l:N+1 
.*(i*lW, 
eod 
% INITIAL Inpit 
O h  
%are 
F=exp(Ad*(CC€n)); % nonnaiized conslihitive fiinction for tbe diniûion coefoaent 
û=ap(Ar+(CCQ)); Xmmuüzedcoastmhvt . . M o n  for the rclaroibian time mverSe 
K-Cqo(CC€n)J(l€qo(CC€n)h 












% mmAL rcipit 
% ti=ioop 
for PIL 












s u m 2 = ~ + R c ( i ) ;  
eod 
M=(11(3*N))*(RC(l)+RC(N+l)+4*sum 1 + 2 * d ) ;  




if(Sm(i) =O) S m ; &  










cic, ciear,clf format long -; 





























if( r e m o = 0 )  
Ilan=@lan,k]; 
C=Ccql*(CI+m4C2Y(Ceql+~*cer12)., 













% Storc data 
~:<=lOOo & lem(k,mIml)==o) 
coUlr-++i; 
Y ' l = ~ l , W l ( N + l ) J ;  







~-WhI; b m m ;  
end 
iR k> ioooa aem(4airm2ly) 
cOrrnl==1;  
*k-l; 
%iWNI=~l ,Wl(N+l)k 

